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ABSTRACT 

Medium and low level radioactive waste repository caverns are 

planned to be located in fractured hard rock formations at a depth 

of about 50 metres below the sea level. Chemical reactions in the 

stored waste will result in gas (hydrogen) production in a satura­

ted water environment. Under such conditions the gas will displace 

the water from the fractures and migrate towards the surface and 

finally be released through the sea bottom. The lateral gas move­

ment is considered negligible and the computations were performed 

under the assumption of vertical flow. Calculations are presented 

for rock properties characteristic to the Forsmark area. The rock 

permeability was determined by flow tests in vertical boreholes. It 

is assumed that the permeability distribution obtained from these 

boreholes is representative also for the permeability distribution 

along the repository cavern. Calculations were worked out for two 

different types of boundary conditions, one in which a constant gas 

flow rate equivalent to a gas production of 33000 kg/year was 

assumed and the other in which a constant gas cushion of 0.5 metres 

was assumed. For the permeability distribution considered, the 

breakthrough at the sea bottom occurred within one hour. The gas­

water displacement took place mainly through the fractures of high 

permeability and practically no flow took place in the fractures of 

low permeability. A gas cushion was formed during a very short pe­

riod. The gas breakthrough at the sea bottom results in a sudden 

drop in pressure and backflow in the low permeability classes of 

fractures. 
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1. INTRODUCTION 

In Sweden, low and medium level radioactive waste will be located 

in hard rock caverns, at a depth of 50 metres below the sea bottom. 

A typical geometry of a cavern is 6 metres width, 15 metres height 

and 150 metres length. In the area of Forsmark repository the sea 

water level is approximately 6 metres above the ground. 

Chemical reactions in the stored waste will result in gas (hydro­

gen) production in a saturated water environment. Under such condi­

tions the gas will displace the water from the fractures and migra­

te towards the surface and escape through the sea bottom. 

The study on the conditions of gas migration from low level reposi­

tories was the subject of a previous report (SKBF-KBS: 83-21). This 

investigation presents a numerical model 

computation of gas-water displacement in 

Calculations are presented for the Forsmark 

conditions. 

developed for the 

hard rock formations. 

low level repository 

The upper part of fractured rock formations is characterized by a 

relatively large fracture frequency and good fracture connectivity. 

Under such conditions, due to the large difference in density bet­

ween hydrogen and water, the lateral gas-water displacement extent 

will be negligible and the flow will be essentially vertical. 

The rock 

by double 

permeability was determined in vertical boreholes mainly 

packer tests. The high fracture permeability suggests 

that the radius of influence during the test was large enough to 

imply that the effect of the connectivity between the fractures is 

reflected in the measured permeability. The permeability distribu­

tion of these boreholes was considered to be representative also 

for the horizontal direction along the repository cavern. Only the 

results over the first 50 metres below the sea level were consider­

ed. The fracture frequency varies in general between 1 and 10 frac­

tures per metre. Exceptionally, over very limited regions, frac­

tures are not present at all. 
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Because of the lack of knowledge on the fracture network geometry 

and on the individual fracture details, solutions for real configu­

rations of fractured rock formations are not possible. Instead, 

fictitious medium equivalents such as porous media, fracture planes 

or capillary tubes models may be considered for convenience. 

In the present calculations the rock mass is conceptualized as a 

discontinuous system of fracture planes intersecting the rock 

cavern. This model approach is considered to represent better the 

actual flow phenomena associated with gas-water displacement in a 

fractured rock mass than the continuum approach. 

The displacement process is characterized by a faster advance of 

the gas through the fractures of high permeability than those of 

low permeability. In a flow problem with a constant gas source in 

the cavern the breakthrough in the large fractures causes a drop in 

pressure at the cavern. As a result, there is no further advance of 

the gas through the small fractures and backflow will occur. 

This means that the present flow problem is dominated by the frac­

tures of high permeability. In individual fractures there is a 

sharp interface between the displacing and the displaced fluid. 

Therefore, the sharp interface approach was considered in the 

present study for treating the displacement process in the discrete 

fracture planes. 
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2. EQUATIONS OF FLOW 

In an individual fracture the displacing and the displaced fluids 

are separated by a sharp interface. Then in each flow region, gas 

and water, the flow is governed by the single phase flow momentum 

(Darcy's law) and mass balance equations. These equations are 

coupled through the capillary pressure at the interface. 

(i) Gas flow equations 

Darcy's law is 

( 1 ) 

the mass conservation equation is 

where u is specific flux, k is permeability,µ is dynamic viscosi­

ty,~ is porosity, p is pressure, g is the acceleration of gra­

vity and Qg is the mass rate of gas production. Upperscript g de­

notes the gas phase, ~g and kg are porosity and permeability at the 

irreducible water saturation. 

Expanding the time derivative, one obtains 

(3) 

The density of the gas is related to pressure through the equation 

of state. 

(4) 

where Mis the molecular weight to the gas, R is the universal gas 

constant, T is temperature and Z is the deviation factor of a real 

gas from the ideal gas behaviour and is a function of pressure and 

temperature. 
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The compressibility of the rock matrix is defined as 

( 5) 

Substituting the relationships (4) and (5) into (3), we obtain 

cf,gM g r g 
= ZRT <1 +pc) P,t 

( 6) 

In equation (6) the value of pgcr << 1 and the equation may there­

fore be approximated as 

(7) 

Substitution of equation (7) together with Darcy's law into equa­

tion (2), yields 

tgM g kg pgM (pg pgM 
+ Qg 0 

ZRT P,t (- ZRT - ZRT gi)) ,i = 
g ,i 

(8) 

µ 

or 

cf,gPg -
kg g (pg pgM og ~~I (-- p - ZRT gi)),i + - 0 ,t µg ,i M 

(9) 

Equation (9) is highly non-linear and must therefore be solved by 

an iterative numerical scheme. 
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(ii) Water flow equations 

Darcy's law is 

( 10) 

and the equation for the conservation of mass is 

( 11) 

where superscript w denotes the water phase, ~wand kw are porosity 

and permeability at the residual gas saturation. 

Expanding the time derivative in equation (11), one obtains 

("' wpw), t w w w w w r 
'I' = ~ p C P,t + ~PC P,t 

w w 
=c~p P,t 

where c 
w r = c. + c is the total (water and rock) compressibility 

( 12) 

Substitution of equation (12) and Darcy's law into equation (11) 

yields 

w 
pg.))i:O 

1 ' 
( 13) 
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(iii) Gas-water interface 

Across the gas-water interface there is a jump in pressure with a 

value given by the capillary pressure p, 
C 

(14) 

A point located at the interface, on the side of the water or the 

side of the gas should move with the same velocity, which may be 

expressed by 

(15) 

Solving the flow problem implies solving equations (9), (13), (14) 

and (15) together with the appropriate boundary and initial condi­

tions. 
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3. METHOD OF SOLUTION 

The flow equations are solved using the Galerkin finite element 

method. The moving gas-water front requires a time adaptive 

element mesh with the finest discretization in the front region. 

Gas-water interface 

Relating the velocities to Darcy's law in the equation for the con­

dition at the gas-water interface, we obtain 

kg 
(pg. pggj) 

kW 
(p w pwgj) - ---- - = - ---- -

~~g ,J w w 'j 
~ µ 

(16) 

Rearranging the previous equation, we obtain 

kW w kg 
pg. 

kW w kg g 
p - ---- = (---- ----) gj 

~ wµ w ,j ~~g 'J ~ wµ w ~gµg 
( 17) 

or 

( 18) 

where 

The interface equations are approximated as 

(19) 

where superscript i denotes an interface node and 

i g 
f:il 1 : X - X , 

The algebraic equations for the interface nodes and those of the 

flow equations for the two phases are solved simultaneously. 
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Finite element formulation of the flow equations 

The two flow equations for gas and water have the general form 

a P t - (13 ( P i - p g . ) ) . + Q = 0 
, , 1 , 1 

(20) 

w w w w 
In the water phase a denotes cjip c , 13 denotes p k /µ and p denotes 

Pw. In the gas phase a denotes cjig , 13 denotes pgkg /µg and -p denotes 

pgM/ZRT. 

Applying Galerkin's method, we obtain 

I 
f a p' t IJ' dR -
R 

+ f Q -/ dR = 0 
R 

(21) 

where I is 1,2, ••• M-1 in the gas phase, I is M+1,M+2, ••• N in the 

water phase, M represents an interface node, N is the total number 

of nodes and IJ'I is the weighting function, Using Green's theorem, 

we obtain, 

f aP,t1¥IdR + f(f3(p,i -pgi))IJl~idR - fqnlJ'I dR 

R R r 
I 

+ f Q IJ' dR = 0 (22) 

R 

For simplicity we assume that the gas source is represented by the 

source term (Q) and that there are no additional boundary sources 

to be accounted for. Then the integral along the boundary vanishes. 

The time derivative term is approximated by the finite difference 

method. Then we may write the previous equation as 

f lip I 
a:-- IJ' dR + 
lit 

I f 13p .4' . dR -
, 1 , 1 

R R 

Pressure and functional coefficients are approximated as 

K K 
a:= a 4' 

K K 
13= 13 4' 

(23) 

(24) 
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Then equation (23) may be written as 

J 
a K ~ .. tP f 'l' ~ J qf dR + SKP J f 'l' J. 'l' I. 

..i ,1 ,1 

K J K J I 
dR - 8 p g . f 'l' . '¥ '!' . dR 

J ,1 

R R R 
I 

+ f Q 'l' dR = 0 (25) 

R 

The integrals are solved numerically by Gauss integration. The flow 

equations represented by equation (25) are assembled together with 

the algebraic equations resulting from the interface equations 

(19). A fully implicit scheme is adopted and finally the matrix 

problem to be solved becomes 

[A]{p}={B} (26) 

Equation (26) represents a non-symmetric system of sparse linear 

equations which is solved by Gauss elimination using the frontal 

method. 
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Numerical treatment of prescribed gas flux condition 

The flow problem is simultaneously solved for each fracture catego­

ry in an iterative way. For simplicity, it is assumed that the 

fractures can be divided into a small number of categories. The 

total gas flux from the cavern is obtained by adding the fluxes for 

each fracture category. The computed total flux is then compared 

with the known gas production and the pressure is adjusted itera­

tively using a Newton-Raphson technique until the stipulated accu­

racy is achieved. 

The total flux (Q) is 

Q = (27) 

i=1 

where k is the number of fracture categories, n. is the number of 
l 

fractures in category i, and Qi is the flux computed for fracture 

category i. 

The flux condition may be expressed as 

(28) 

where Q0 denotes the rate of the total gas production. 

Expanding the left hand side in a Taylor series we obtain 

Q(p) + (p - p) d~91 + (higher order terms) = Q0 (29) 
o o p p=p0 

Neglecting the higher order terms, we obtain 

(30) 
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Rearranging equation (30) we obtain 

dp ) p = p + -- (Q - Q(p) o dQ o o 
(31) 

which is approximated as 

(i+1) (i) 
p = p + (32) 

where i denotes the current iteratlon level. 
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RESULTS 

The calculations performed gave evidence for a rather high trans­

port capacity of the rock mass considered and the gas could readily 

escape through high permeability class of fractures in the fracture 

network considered. The initial hydrostatic pressure is exceeded 

only during a few minutes in the initial stage. It should be 

pointed out that the gas flux is imposed as an instanenous gas 

source in the calculations. 

The calculations were carried out for a total gas production of 

10-3 kg/s. This figure corresponds to a total gas production of 

400000 Nm3/year (about 33000 kg/year) and is considered to be the 

maximum possible gas production rate for the cavern considered 

(150x6x15 metres). Calculations were also carried out for a pre­

scribed gas cushion of 0.5 metres. 

In solving simultaneously for the assumed fracture distribution of 

6 fracture classes given in Table 2 (for a derivation of these see 

Appendix) it could be observed that displacement occurred mainly in 

the fractures of the high permeability. After breakthrough at the 

sea bottom there was a sudden drop in pressure and subsequently no 

further displacement took place in the low permeability fractures. 

The pressure drop even caused backflow in the low permeability 

fracture classes. Generally, the transport capacity of the gas 

increases several orders of magnitudes after the breakthrough. 

In consequence of the fact that the flow problem under the present 

conditions essentially is governed by the high permeability class 

of fractures we directed the analysis towards this fracture class. 

Calculations were carried out assuming that the rock cavern was 

intersected by 18 ideal fracture planes with a permeability of 
8 -8 2 -4 1. *10 m (b:4.65*10 m). The results of these calculations are 

presented in Figures 1, 2 and 3. The difference between the initial 

pressure buildup in the cavern for all six fracture classes and the 

high permeability class was only about 0.15 bars, which 

substantiates the fact the present flow problem is governed by the 

high permeability fractures. 
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Prescribed gas flux 

Figure 1 shows the pressure distribution and the position of the 

gas-water interface at various points of time for a constant gas 

source of ,o-3 kg/sec. As can be observed in the figure there is an 

instantaneous pressure build-up immediately after the gas source 

has been applied. However, only after about 5 minutes the pressure 

drops until the initial hydrostatic pressure, which is about 6.5 

bars. The breakthrough time to the sea bottom is about 15 minutes. 

After breakthrough, the pressure drops suddenly and steady state 

conditions are reached almost instantaneously. 

Figure 2 shows the gas-water displacement as a function of time and 

Figure 3 shows the pressure at the cavern roof as a function of 

time. As one can see the displacement velocity increases with time. 

Subsequently, the pressure drop increases with time until the 

breakthrough at the sea bottom. The maximum initial pressure re­

quired to initiate displacement (corresponding to the lowest per­

meability fracture classs) is equivalent to a gas cushion of 0.5 

metres (0.5*10-4Pa) was considered relatively low and therefore 

neglected in the calculations. 

Prescribed gas cushion 

It is of interest to study the rate of gas flow when the flow pro­

blem is governed by the necessary pressure to initialize displace­

ment. As the maximum gas cushion required to initiate displacement 

is 0.5 metres for the low permeability fracture class, this value 

was used in the calculations. 

Figure 4 shows the pressure distribution and the position of the 

gas-water interface at various points of time for an assumed cons­

tant gas cushion at the cavern top of 0.5 metres. As can be ob­

served the gas displaces the water very fast and the breakthrough 

at the sea bottom occurs after about 40 minutes. As in the previous 

setting there is a sudden drop in pressure after the breakthrough 

at the sea bottom and steady state conditions are reached almost 

instantaneously. 
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Figure 5 shows the gas-water displacement as a function of time and 

Figure 6 shows the total mass rate of the gas at cavern roof as a 

function of time. Figure 5 looks very much the same as Figure 2 

(with constant gas flux conditions at cavern top). Figure 6 

represents less realistic conditions from the point of view that 

keeping constant pressure at the cavern top constant requires that 

the rate of the gas production increases continuosly with time. 

It is however of significant interest in the present circumstances 

to know the order of the magnitude of the gas rate. The results of 

the calculations, graphically displayed in Figure 6, show that the 

total gas rate after breakthrough is about 0.4 kg/sec, which is ~ 

about 350 times larger than the constant gas rate assumed in the 

previous setting, i.e. 33000 kg/year considered to be the largest 

possible rate of gas production. 

The values 

presented 1n 

in Table 2. 

of the input parameters used in the calculations are 

Table 1 and the fracture distribution data are given 
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Table 1: Input parameter values 

Parameter 

compressibility of water 

rock compressibility 

density of water 

dynamic viscosity of water 

density of the gas 

dynamic viscosity of the gas 

molecular weight of hydrogen 

universal gas constant 

temperature 

devation factor for real gases 

Symbol 

w 
C 

Value 

10-10 

o.o 
999 

1.307*10-3 

g pgM 
= ZRT 

8.5*10-6 

2.016 

8.3143 

283. 16 

Units 

-1 
Pa 
Pa-1 

kgm-3 

Pas 

Pas 
-1 

kg mole 
-1 -1 J mol K 

K 

Z = Z(p,T,M,R) 

Table 2: Fracture distribution data 

Class Fracture width Frequency 

1 3,986*10-5 18 

2 4,305*10-5 18 

3 6,319*10-4 99 
; 

4 1.082*10-4 90 

5 1.648*10-4 45 

6 4.648*10-4 18 
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Figure 1. Gas-water displacement display for the class of fractures 

with a fracture permeability of 1.8*10-8m2 • The gas 

production is 10-3kg/sec. The solid lines show the 

pressure distribution for various positions of the 

interface and the asterisks denote the position of the 

gas-water interface at various points of time. 
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Figure 6. Total gas flow rate as a function of time for the class 

of fractures with a fracture permeability of 1.8*10-8 m2 

and a gas cusion of 0.5 metres. The asterisk denotes 

breakthrough time. 
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Appendix A: CALCULATION OF ROCK PROPERTIES IN THE FORSMARK AREA 

Rock permeability 

Rock permeabilitites in the Forsmark area were presented by 

Carlsson et al. (1985). In most cases permeabilities were deter­

mined by double packer tests within an interval of three metres. 

Permeability values of the first metres below the surface are sel­

dom available. Table A1 gives the available values for the first 50 

metres below the ground surface. 

Table A1: Hydraulic conductivities (log K) along the boreholes 

Borehole KB-1 

length log(K) 

(m) (K-m/s) 

3.0 -7.7 

3.0 -6.8 

3.0 -7.7 

3.0 -7.7 

3.0 -7.7 

3.0 -5.6 

3.0 -7.0 

3.0 -7.7 

3.0 -7.7 

3.0 -7.7 

3.0 -7.3 

3.0 -7.9 
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Table A1: Continued 

Borehole KB-2 

length log(K) 

(m) (K-m/s) 

3.0 -7,5 

3.0 -7.7 

3.0 -7.7 

3.0 -7. 1 

3.0 -7.3 

3.0 -7.7 

3.0 -7.2 

3.0 -6.8 

3.0 -6.5 

3.0 -7.5 

3.0 -6.7 

3.0 -7.7 

· Borehole KB-3 

length log(K) 

(m) (K-m/s) 

3.0 -5.7 

3.0 -6.8 

3.0 -4.9 

3.0 -6.7 

3.0 -7.7 

3,0 -5.4 

3.0 -5.3 

3,0 -6.5 

3,0 -6.5 
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Table A1: Continued 

Borehole KB-4 

length log(K) 

(m) (K-rn/s) 

3.0 -6.0 

3.0 -6.4 

3.0 -7.2 

3.0 -1.0 

3.0 -6.5 

3.0 -6.6 

3.0 -1.1 

3.0 -1.1 

3.0 -6.6 

3.0 -6.5 

3.0 -6.4 

3.0 -6.4 

Borehole KB-5 

length log(K) 

(m) ( K-m/s) 

3.0 -6.3 

3.0 -6.2 

3.0 -6.3 

3.0 -6.5 

3.0 -6.6 

3.0 -6.3 

3.0 -6.6 

3.0 -6.4 

3.0 -6.0 

3.0 -6.2 

3.0 -6.0 

3.0 -6. 1 
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Table A1: Continued 

Borehole KB- 1 1 

length log(K) 

(m) (K-m/s) 

3.0 -7.7 

3.0 -7-7 

3.0 -7.7 

3.0 -7.7 

3.0 -7.7 

3.0 -7-7 
3.0 -7-7 
3.0 -7.7 

Borehole KB-12 

length log(K) 

(m) (K-m/s) 

3.0 -7.5 

3.0 -7.7 

3.0 -7.7 

3.0 -7-7 
!.o -7.7 

3.0 -7.7 

3.0 -7.7 

3.0 -7.7 



- 32 -

Table A1: Continued 

Borehole KB-13 

length log(K) 

(m) ( K-m/s) 

3.0 -7-7 
3.0 -7.7 

3.0 -7-7 
3.0 -7-7 

3.0 -7.7 

3.0 -7-7 

3.0 -7-7 

Borehole KB-14 

length log(K) 

(m) (K-rn/s) 

3.0 -7. 1 

3.0 -6.9 

3.0 -7-7 

3.0 -7-7 
3.0 -7-7 

3.0 -7,5 

3.0 -7,7 

3,0 -7,7 
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Table A1: Continued 

Borehole KB-15 

length log(K) 

(m) (K-m/s) 

3.0 -7.7 

3.0 -6.3 

3.0 -7-7 
3.0 -7-7 
3.0 -7-7 
3.0 -7-7 

Borehole KB-16 

length log( K) 

(m) (K-m/s) 

3.0 -5.7 

3.0 -7-7 
3.0 -7.7 

3.0 -6.3 

3.0 -6.4 

3.0 -7.8 

3.0 -7.2 

3.0 -6.1 
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Table A1: Continued 

Borehole KB-17 

length log(K) 

(m) (K-m/s) 

3.0 -6.8 

3.0 -7.2 

3.0 -7. 1 

3.0 -6.2 

3.0 -6.7 

3.0 -7.6 

3.0 -7.2 

3.0 -7.3 

3.0 -7.2 

Borehole KB-18 

length log(K) 

(m) (K-m/s) 

3.0 -7.0 

3.0 -6.7 

3.0 -5.8 

3.0 -6.7 

3.0 -6.7 

3.0 -5.7 

3.0 -7.8 

3.0 -6.4 

3.0 -7.8 
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Table A1: Continued 

Borehole DS-9 

length log(K) 

(m) (K-m/s) 

3.0 -7-7 
3.0 -7-7 
3.0 -7.7 

3.0 -7-7 
3.0 -7.3 

3.0 -7-7 

3.0 -7-7 
3.0 -7-7 

3.0 -7-7 

Borehole DS-10 

length log ( K) 

(m) (K-m/s) 

3.0 -3.6 

3.0 -3-7 
3.0 -6.7 

3.0 -7.0 

3.0 -7-7 

3.0 -7.7 

3.0 -6.2 

3.0 -6.1 

3.0 -5.8 

3.0 -6.5 

3.0 -7.8 

3.0 -7.8 

3.0 -5.3 

3.0 -7.8 

3.0 -6.5 
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Permeability frequency 

Permeability and the number of appearences are calculated and given 

Table A2 using the data from Table A1. 

Table A2: Permeability and number of observations (over sections of 

3 metres) 

------------------------------
Class permeability nr. of 

observations 

------------------------------
1 0.12589E-13 1 

2 0.15849E-13 6 

3 0.19953E-13 58 

4 0.25119E-13 1 

5 0.31623E-13 4 

6 0.50119E-13 4 

7 0.63096E-13 6 

8 0.79433E-13 3 

9 0.10000E-12 4 

10 0.12589E-12 1 

11 0.15849E-12 4 

12 0.19953E-12 7 

13 0.25119E-12 4 

14 0.31623E-12 8 

15 0.39811E-12 6 

16 0.50119E-12 5 

17 0.63096E-12 4 

18 0.79433E-12 3 
-

19 0.10000E-11 3 

20 0.15849E-11 2 

21 0.19953E-11 3 

22 0.25119E-11 1 

23 0.39811E-11 1 

24 0.50119E-11 2 

25 0.12589E-10 1 

26 0.19953E-09 

27 0.25119E-09 

---------------------------
Total number of observations: 144 
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We shall assume that the probability distribution function for the 

rock inhomogeneities is isotropic and homogeneous. Under this 

assumption samples along the vertical boreholes are representative 

also for the horizontal section along the repository. 

The total number of 144 observations extends over a length of 432 

metres. For the considered length of the cavern of 150 meters the 

number of observations are reduced proportionally. For the sake of 

convenience we have lumped several classes into the same class, 

resulting in six distribution classes. The number of appearences 

over the corresponding cavern length and the average permeability 

for each class are presented in Table A3. 

The fracture frequency varies between zero and 10 fractures per 

metre. It seems that the most frequent is 3 fractures per metre. 

This figure will be considered in the following calculations. There 

is no correlation between fracture frequency and permeability. 

Calculation of fracture permeability and rock porosity 

Fracture permeability and porosity are calculated indirectly con­

sidering an ideal fracture plane model. Fracture permeability is 

then 

(A1) 

and the relationship between fracture permeability and rock permea­

bility is expressed as 

(A2) 

where bis the fracture width, Bis the cavern width, k is the rock 

permeability and 1 is the fracture spacing. Substituting equation 

(A1) into (A2) and solving for b, we obtain 

b = (12kl) 113 (A3) 
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The formation porosity is 

q, = b/1 (A4) 

or 

12k 113 
(A5) q, = (--2) 

1 

The calculated fracture permeabilities using equation (A3) and 

porosities using equation (A5) are given in Table A3. 

Table A3: Parameter values for the six distribution classes 

class length nr.of formation properties 

along observ. 

equivalent properties 

for fract. plane model 

cavern over --------------------- ----------------------

2 

3 

4 

5 

6 

*) 

(m) 

6 

60 

33 

30 

15 

6 

150 m 
*) 

cavern 

2 

20 

11 

10 

5 

2 

permeability 

( sg. m) 

porosity 

0. 1585E-13 

0.1995E-13 

0.6309E-13 

0.3162E-12 

0.1119E-11 

0.2511E-10 

1.1962E-04 

1.2916E-04 

1.8958E-04 

3.2444E-04 

4.9441E-04 

1.3945E-03 

fracture 
'(~~th 

3.9875-05 

4.3053-05 

6.3194-04 

1.0815-04 

1.6480-04 

4.6484-04 

number of 
fractures 

18 

18 

99 

90 

45 

18 

refers to permeability average value measured over a length of 

3 m. 
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Appendix B: ANALYTICAL VALIDATION OF THE MATHEMATICAL MODEL 

An analytical solution may be obtained for a simplified model of 

one-dimensional flow, assuming that water and gas are incompress­

ible. Owing to the strong dependence of the gas properties on pres­

sure, the obtained solution may be used for problems in which the 

variation in pressure is relatively small, using average pressure 

dependent properties. In the present study the obtained analytical 

solution will be used for the validation of the numerical solution. 

We consider the flow through a fracture plane of constant width 

(b). The fluids are assumed to be separated by a sharp interface. 

For one-dimensional flow in the s-direction, whose angle with the 

horizontal direction is a, the equations of flow are 

In the gas region 

Poiseuille law is 

V 
g 

(B 1) 

where~ = p + p gz g g g 
2 

and kf is fracture permeability equal to b /12. 

The equation of conservation of mass is 

clv 
g = 0 (B2) 

as 

Substitution of eq. (B1) into (B2) yields 



In the water region 

Poiseuille law is 

V : 
w 

where i:p = p + p gz w w w 

- 2 -

and the equation of conservation of mass is 

Substitution of eq·. (B4) into (B5) yields 

2 
3 <P 

w = 0 

3s 2 

(B4) 

(B5) 

(B6) 

The considered boundary conditions are constant gas pressure at 

s = 0 and constant water pressure at s = L, where Lis the fracture 

length, i.e., 

s = 0 <P = <P (B7) 
g go 

s = L <P = <P 
w wL 

(B8) 

At the water-gas interfaces= s, the water and the front moves 

with the same velocities. From equations (B2) and (B5) it follows 

that in each phase and at each instant the velocities are constant. 

This result combined with the condition of constant velocities 

across the front, leads to the conclusion that at each instant the 

velocity is constant along the whole flow domain. 
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A second imposed condition is the constant capillary pressure (p) 
C 

across the water-gas interface, i.e. 

s = i; (B9) 

Initially the fracture is assumed to be fully saturated by water, 

i.e,' 

t = 0 i; = 0 (B10) 

Integration of .equations (B3) and (B6) with the prescribed boundary 

conditions expressed by eqs. (B7) and (B8) yields 

qi g = qi go 
qi g s - qi go 

+ ---- s 
i; 

(B11) 

(B12) 

which express the linear distribution of the potential qi, along 

the flow domains. 

Substitution of equations (B1) into (B11) yields 

V : -
g ).Jg 

and substitution of equations (B5) into (B13) yields 

V : 
w 

= kf pwi- pwL- Pwg(L-F;)sin a 

J.Jw L - i; 

(B13) 

( B 14) 



- 4 -

Adding equations (B13) and (B14) and in which, as previously shown, 

v and v are equal, we obtain after some mathematical manipulations 
g w 

kf Pgo- pwL - Pc - gpw Lsina + gl\p~ sin a 
V : - (B15) 

g µ g llw 
~ + -- ( L-E;) 

llg 

Equation (B15) gives the velocity of the gas as a function of the 

length of displacement E;. 

The advance of the water-gas front in time may be obtained by 

integrating the relationship between the advance of the front and 

the velocity 

in which v is expressed by eq. (B16), and obtain 
g 

µW 
(1 - -- ) (Lip - p gLsina) 

µ w 
g ) 

g lip sin a 

(B16) 

(B17) 
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where p = p - p L- p . Eq. (B17) holds for angles a different 
go W C 

from zero. 

The breakthrough time (tb) of the gas at the exit face z =Lis 

obtained by substituting~ = L in eq. (B17), Denoting by H the 

distance between the inflow and outflow faces along the vertical 

(L = H/sina) we obtain 

\.lw 
( 1 - -- ) ( liP - p gH) 

\l w _____ g __________________ ) 

g lip 

glipH J.J" 
ln(1 + ---------) + (1 - -~)H 

lip - pwgH J.Jw 
(B18) 

The test case used for validation of the numerical model is pre­

sented in Figure B.1. 
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