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1. Introduction

When the water flow due to hydraulic gradients is calculated
in two dimensions it is found that outlets into the ground
surface are always obtained close to the bottom of a valley
[1, 2]. This is not a real physical situation, because the
valley would then be replaced by a lake. The drainage of the
valley is of course due to a gradient in the perpendicular
direction. This is an important reason for making three-
dimensional calculations. Another reason is the ability to
make realistic calculations of the dilution of migrating
nuclides in a three-dimensional model. The obstacle for such
a model is its complexity which may lead to long running
times for computer programs with purely numerical solution
methods. Much benifit can, however, be obtained from existing
analytical two~dimensional solutions [2]. In this work it
will be shown how such solutions can be used for synthezising
three-dimensional solutions. It is expected that the method
can be a base for a computer program with relatively short

running times. The programming technique is also outlined.
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2. The synthesis method

The differential equation for the piezometric head y in

a porous medium with variable permeability K is [1, 2, 3]

3 (x ), 3 fp 3w\, 3 [ 2w .
Bx ( X 93X / oy \ 0 / 3z Kz 3z) 0 (1
By this formulation K is a tensor. Stokes [1] has shown
that if KX and Ky are constant, an equivalent isotropic
formulation can be obtained by the transfarm
K,
£ =x X
X
(2)
K
= —..%.
n=y K
Yy

If the permeability is isotropic, constant in the x-direction
and varying exponentially in the z-direction, and if further-
more Y 1is independent of y , the transport equation can

be written
3V, 3 v
+ +a s 0 (3)

where a 1is the exponential decay constant of K 1in the
negative z-direction. This equation can be solved analytically
[2]. It will now be shown how such solutions may be utilized

for solving the corresponding 3-dimensional equation.
V[K(2)VW(x,y,2)] =0 (&)

For convenience, x, v and z will be replaced by
Xi’i =1, 2, 3 .Consider a volume V within which a

Lagrangian is defined by
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3 2 )
_ (. 8y \°_ 38K oy _ 13k 2]
L= J[j{ Zl \K ) " xg Vax, Zawz VY (3)

An extremum value for L 1is obtained by the Euler equations:

3
9 (3L ) oL
- =0 6
izl o \owg/) By ©
where
= v
Lpi T odx 7

It is easily seen that application of Eq (6) upon the given
Lagrangian leads to Eq (4). Thus, if an approximate solution

wp contains some parameters and an extremum of the

Py
Lagrangian L 1is obtained by varying these parameters,
this set of parameters gives the best approximation to the

solution of Eq (4) that can be obtained from the set of

functions wp

By partial integration of Eq (5) the Lagrangian can also be
written in the following form:
[ ) 1-
L= Ingradw - E-w gradKJndS - PV (XVy) dv (8
J

L

S \

where S is the outer boundary of V and n is the
outward-directed normal to this boundary. Then, if the

y-function is replaced by an approximation which satisfies Eq (4)
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the volume integral in Eq (8) will vanish. It should be
observed that any solution of Egq (4) is convenient, inde-
pendently of the boundary conditions. The utilization of

this fact is the main difference between the synthesis method
and the finite element method., In the latter one, arbitrary
functions are chosen within a volume AV and the second
integral in Eq (8) has to be calculated within this volume.
The volume is limited by the limited ability of the chosen
functions to fit the exact solution. In the synthesis method,
the trial functions are solutions of the differential eguation
and can therefore be expected to fit the exact solution within
a larger volume. The limiting factor is the ability to fit

the boundary conditions.Because the volume integral in Eq (8)
vanishes, the numerical work will be smaller in this method

even with the same sizes of the partial volumes.

The trial functions may be chosen either as one set over the
total volume (single-channel synthesis) or the volume can
be divided into subvolumes with different function sets
(multi~channel synthesis). For a three-dimensional problem

it is customary to write the trial function as an expansion

N

by (xpxg,xg) = nzl o (%00 (x,,%5) (9)
where the functions ¢n are solutions of the corresponding
two-dimensional differential equation and the coefficients

o, are solved so that wp is the best possible approximation
to the problem considered. For example, we can use solutions
to Eq (3) for o and the expansion coefficients will then
give the solution in the y-direction. It will be described

how this methoed can be used for single~channel synthesis.

Another approach is to write the trial function as a com-

bination of solutions in different directions



AKTIEBOLAGET ATOMENERGI TPM~RF~73~2286
1678-01~26 5

i o112

b (kx5 %) la o) n(psgdab by (x).x0) ] (10)

s 11

n=1

For the problem considered, this approach is more satis-
factory in the sense that the coordinates Xy and x, are
handled on an equal basis. The functions .¢1,n and ¢2,n
can then be solutions in the (x,z) and the (y,z) planes,
respectively. It will be shown how this method can be used

for multi-channel synthesis.

The two-dimensional functions considered will always be
solutions of Eq (3). It is then convenient to return to the
(%,¥,2) notation for the coordinates. For the half-space
with negative z-values, it is then assumed that the per-

meability is given by

K = Koeaz (11)

and that the maximum penetration depth is 2o It is

then shown in ref 2 that a solution can be written in the

form

_ az 1

o 2 o0 ' [ﬂ(n“ 5)21
p(x,2) = - - Z fn(x)31nt~% «*J (12)

max n=1 max
where

1 ,
. [ﬂ(n“ é‘)“nig"X"}

£ (x) =g [ e | “max hy (£) dg (13)

g 1is the acceleration of gravity,
hl(x) is the height of the groundwater surface along the

x—-axis. The constant v is given by

az 2 %
I PR T S
SR Erer= s N | (14)
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If N solutions of Egq (12} ave obtained for different
(x,y) planes, a three-dimensional solution can be cbtained
according to Eq (9). The coefficients pn(y) are obtained
by replacing ¢ in Eq {(8) by wp and seeking an extremum
value of 1L with respect to o - In single~channel
synthesis, the outer boundary is given by the total volume

for the solution considered.

In Eq (12) the x-coordinate can of course be replaced by
the y-coordinate. Then, consider a mesh structure in the
(x,y) plane according to Fig 1. The lines o and X
where m and n are integers, define planes in the
(x,2z) and the (y,z) planes, respectively, for which the
solutions Xm(x,z) and Yn(yaz} are cbtained. Further,
consider a specific mesh defined by the lines X112

and vy In a volume an defined

*n+1/2 ° Tm-1/2 m+1/2
by this mesh and the z-planes z=o and z==z s AN approximate
solution to the problem considered is written as

nXm(X’Z)+bm,nYn(y’Z> (15)

9

lbp(x,y,Z) =a

The flow component in the x-direction is

W, BY
J =K——==K a 16
X dx m,n 9% (16)
It is now required that this component is continuous over
a vertical mesh boundary. The function Xm is a continuous
function over any (v,z) plane. The permeability X is
assumed to be discontinuous, but independent of x and vy
within the volume an . Thervefore, for preserving flow
continuity,
K a = K a ; (17)
M, Tl MyTl myn=-1 m,n~1
Similarly, for continuity in the y-direction,
= (18)

b = K b
m,n m,n mw-1,n m~1,n

Because each partial volume has different expansion functions

given by Eq (15), the approach is a form of multi-channel
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synthesis. The coefficients a and b are dis-
m, 1 m,n

continuous functions of the x- and y-coocrdinates. It

should, however, be observed that

a = a if K 1is independent of x
m,n m, 1

and

bm,n = bl,n if K 1s independent of vy.
3. The optimization procedure

Consider firstly the expansion according to Eq (9) with ¢
of the form given by Eq (12). The geometrical space will.
then be divided into subvolumes characterized by constant
permeability. The Lagrangian will then equal the sum over
the subvolumes of the surface integrals given by Eq (8).

The continuity of flow is not preserved in this formulation
and the surface integrals are then obtained as the arithmetic
mean of the values on each side of the surface. In order to
obtain the y~dependence of the coefficients p , they are
assumed to be stepfunctions. Thus, the y-coordinate can be
replaced by an index, k, which defines a micromesh within
each subvolume. If the Lagrangian is minimized independently
over each micromesh, a set of coupled equations is obtained.
The number of equations equals the number of divisions in
y-direction. The p-values can then be arbitrarily normalized
if no additional constraint is put upon them. A suitable

constraint is given by

é JJ P(x,y,0)dxdy = [J h(x,y) dxdy {(19)
sxy Sxy

where SXy is the upper groundwater surface in the volume

considered and h(x,y) is the corresponding height. The

l.h.s. of Eq (19) is then multiplied by a Lagrange multi-

plier, X, and added to Eq (8). After optimization v¢(x,y,z)

is obtained as a function of X and substituted into Eq (19).

This gives the final solution.
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Secondly, consider the expansion according to Eq (15). As
an example, we assume that the map is divided into 3 meshes
in the x~direction and 3 meshes in the y-direction (Fig 1).

The two-dimensional calculations are performed along the

lines X5 Xpy Xg and V1 to Vg - Assume further that the

permeability is equal to K, 1 to the left of the line

x=x, and equal to Kl 3 to the right of. this line. Then
b

am,Z - am,l

a = Km’l a

m, 3 Km,3 m, 1l

bm,n - bl,n

It is sufficient to consider the first part of the Lagrangian

given as
L, = JJ Ky (grady)nds (20)
S

This part is obtained as

Zhax Yo+1/2

) [ 3 { 3

L, = dz d

1 J 1@1 | Q_Z
© Yo-1/2

v ¢ - 1
1 LFk,Q(XR+1/2,y,Z> Fk,Q(XQ,"l/Z’y’Z) J+

g kHL/2 [ .
£l J ax Qzl (G, V117202 "6 oY1 /202 |

k=1
Lp-1/2

B

Xj+1/2 To+1/2

3 3
+ ) j dx ) J f Q(x,y,o)dy (21)
k=1 o= ’

p-1/2 To-1/2
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5
T k. X
Fieyn = [ %k, oK 02y oY, 02 Koay = (22)
G = fa (x,z)+b ( z)-I EZ& (23)
ko | %k, S 0By (Y, ) Kby =0

jas]
|

5 Y,
Xy z) (24)

Tk _k
K,2 [ak,zxk(x’z)+bk P (0 e Prn T

Because of the relationships between the coefficients with
different k~ and %-values, the Lagrangian contains only

6 unknowns., namely, am l,m—l to 3 and b n,n—l to 3.
Redundancy in the number of equatioms is av01ded by summing
up the integrals over partial volumes.

The function L, given by Eq (21) can then be written as

1
a quadratic form in a1 and b1 . given by
3 3
_ [ 2 2\
1T k§1 QZI Bk, 02,175, 0%, 101,27 Tk, 21,0 ) (25)
where
Ki [ max / BXk\ [ ]
— 91 _ ——k-
Rk’ﬁ_ml[ [\Xk %) K a) |4z +
oo *2+1/2 X)-1/2
k+1/2
BXk\ /
' [ (Xk oz) } \y2+1/2—yg—1/2> (26)
X
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Znax  Tg+1/2

o e (T T -G, B

kot \"ox ¢
e o ¥,1/2 *p41/2 *g-1/2
max < k+1/2
+ [ dz J [ EE&) { EE&N‘ ]dx +
[\ 7oy ; \x 5y
o Xo1/2 k+1/2 k-1/2

Xk71/2 Yo41/2
v J K"k"é‘z/ *\‘a‘zYz/_de} 27)

X172 Ye-1/2

2 Zmax

K ‘ Y Y
. _;_U{ [y 2Ta) e 2w lay
k2 Koo I\"¢2 3y/ L3

’ o Yr+1/2 Yr-1/2
y£+1/2 5y
(¢ 2\ _
* J e T2 P\ e/ 27172 (28)
Yo-1/2

Eqs (25) to (28) are quite general, except for the number

of meshes. A similar form can also be written for the rest

of the Lagrangian. Finally, a Lagrange multiplier, A, times
the 1.h.s. of Eq (19) can again be added to the Lagrangian and
the coefficients are obtained by partial derivations, setting
the results to zero, and again using Eq (19). This method
seems simpler and more self-consistent than using trial

functions depending only on x and z.

It should be noted that although the two-dimensional solutions
are independent of the variation of the permeability in the
x- and y-directions, the final solutions are not. Thus, the
method is applicable for homogeneous media, for cracks and

for large fissure zonmes imbedded in denser media.
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4, Qutlining a computer program

The proposed program HYGRA has a structure given in Fig 2.
The main routine HYGRA reads a number of block names, except
for the title and corresponding to different subroutines.
The subroutine TOPOGRA is called for reading the topographic
points defined by the height of the groundwater level in an
arbitrary (x,y) mesh structure. MATRIAL reads material data
in another arbitrary (x,y) mesh structure. PATHZON reads the
starting points for different leakage paths. ADDIT reads
some additional data, for example the number of points used
for numerical integrations. EXECUTE is a control routine

for the computations. MERGE combines the topographical and
material meshes to a final mesh structure. MESH follows the
flow from the start point to the outlet and determines the
mesh at each time interval. MESHEAD calculates the piezo-
metric heads and gradients in two-dimensional geometry within
each mesh. MATRIX calculates the matrix elements given by
Eqs (26) to (28), alternatively the matrix elements corre-

sponding to expansion functions in (x,z) geometry only.

SYNCOFF calculates the synthesis coefficients, POINTFI cal-
culates the final piezometric head in 4 points and corre-
sponding gradient components. TRACE calculates the flow
path for each time step. The results are listed in the

subroutine LISTEDT.

The memory requirement is of course dependent upon the

number of meshes. This, in turn, is dependent upon the
topography and the ground heterogeneity. Thus, no conclusions
can be drawn concerning this problem without extensive
numerical experiments. Such tests must also be made for
obtaining the necessary number of points in the numerical
integrations. For keeping this number low, the integrations

will be made by a Gaussian quadrature.
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