
Calculations of nuclide migration in 
rock and porous media, penetrated 
by water

H Häggblom

AB Atomenergi 1977-09-14

TEKNISK
RAPPORT

KKÄRN ÄRN --
BBRÄNSLE RÄNSLE --
SSÄKERHETÄKERHET

KBS 

POSTADRESS: Kärnbränslesäkerhet, Fack. 102 40 Stockholm. Telefon 08-67 95 40

52



Calculations of nuclide migration in rock and 
porous media, penetrated by water. 

H Haggblom 



Org enh 
och nr 

AE - RF-
77-3264 

Arbetsrapport 
Tltel och forfattare Org enh och nr 

Calculations of nuclide migration in rock and porous 
media, penetrated by water. 

AE - RF-77-3264 

Antal u/ Antal sld Datum 

H Haggblom 

Utsiindes till 

CF 
F8 

0 

1 ex 
2 ex 

1977-09-14 

ppdrag for KBS Pll:11 

UMMARY 

ome physical and mathematical models are given for migra­

ion of nuclides in rock and porous media penetrated by 

ater. The cases considered are thermal convection due to 

he decay heat from radioactive sources and transport due to 

he hydraulic gradient connected with the geographic struc­

ure. The model for thermal convection is highly simplified 

ut is conservative compared to the often made adiabatic 

ssumption which limits convection effects to a region 

haracterized by a high ratio between buoyant and viscous 

orces. The piezometric head and corresponding gradients are 

alculated by analytic methods. It is shown that the solu­

ions are strongly dependent upon the variation of the 

ermeability with depth. The special features of migration 

·n cracks are studied. A computer program, MINUTE, was 

eveloped for numerical calculations. Times for transport of 

ome important nuclides to the ground surface were calculated 

sing appropriate input data for representative Swedish 

eposition sites. Error margins are discussed. 

D'ttta ar en Intern rapport, se IHB 521. 
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INTRODUCTION 

1 

If radioactive nuclides penetrate all man-made barriers 

a~ound an underground deposition, a very important barrier 

remains, namely the surrounding medium of rock or porous 

materials such as clay, sand,, sandstone or limestone. The 

nuclides are then dissolved in water and follow the same 

path as the water but generally with a lower velocity. The 

main sources of flow are the hydraulic gradient and the 

thermal convection. It has been shown that diffusion is 

negligible as a source of transport over larger distances 

than a few meters [1., 2]. A comprehensive literature has 

been published about flow of fluids in porous materials 

[3, 4] and the experimental basis is also very satisfying. 

In Sweden, the most important ground material is, however, 

hard rock containing cracks of very varying dimensions. 

Investigations of the flow of fluid and dissolved materials 

in cracks have been made, for example, by Canadian and 

French groups [5, 6] and by C Louis in Karlsruhe in co­

operation with Electricite de France [7]. In most works, 

mainly the effect of the hydraulic gradient were considered. 

Investigations of thermal convection have been made, for 

example by Lapwood [8] and Schimmel et al [9]. 

In the present work, the physical situations have been 

formulated so that the equations could be solved analy­

tically. For describing the thermal convection a rather 

crude theoretical model has been used and the assumption 

was made that the temperature distribution is given by the 

conduction of heat through the solid medium. For the 

hydraulic gradient, three different sources were assumed, 

namely a well (3-dimensional boundaries), a number of slopes 

interrupted by horizontal plateaus and a fissure. The topo­

graphy could then include lakes, hills, valleys and a sea. 

It was recognized that the penetration depth of the flow 

lines to a lake or the sea are strongly dependent upon 

the variation of permeability with depth. Therefore, a 

solution will be given which considers a variable permea­

bility. 
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The inaccuracies in the models have been considered by using 

pessimistic experimental data for the calculations. The 

experimental data for cracks are not unequivocal because a 

realistic crack structure can hardly be reproduced in a 

laboratory and only a limited part of the structure can be 

investigated in field experiments. A careful consideration 

of the data was therefore necessary and has been fulfilled 

by personal contacts with experimenters. 

2. NOMENCLATURE 

The following notations will be used for the physical quanti­

ties. Additional notations for purely mathematical symbols 

will be explained in the context. 

a = distance between cracks 

b = crack thickness 

c thermal conductivity 

g = acceleration of gravity 

K = retardation factor (equilibrium constant) 

Kd = distribution coefficient 

K = permeability of a porous medium or a crack p 
N. = nuclide discharge rate 

1 

p = hydrostatic pressure 

t = time variable 

T
1 

= leach time from the repository 

V = mean flow rate per unit area 

VX, Vy' 
v = velocity components of liquid or nuclide 

z 
x, y, z = Cartesian space coordinates 

o = coefficient of thermal expansion by volume 

E = porosity coefficient 

K = thermometric diffusivity of rock 

A = decay constant 

µ viscosity 

~ = piezometric head 

p = density 

e = temperature 
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A COMPARISON BETWEEN FLOW IN A CRACK AND IN A 

POROUS MEDIUM 

The flow of a fluid in a crack is in many respects similar 

to the flow in a porous medium. A very important similarity 

can be expressed by Darcys law [1] which can be expressed 

in the form 

K 
V = - _.E. grad $ g (3,1) 

The permeability K is then expressed in m/s. If the permea-p 
bility is given in darcys, the r.h.s. of Eq (3,1) should 

be multiplied by p/µ. For water at room temperature this 

factor is 9.68 • 10-4 . The piezometric head,$, is given by 

p 

$ = gz + I :p (3,2) 

po 
Vis the flow rate in cubic meters per second per square 

meter of rock for porous materials. For an empty crack with 

thickness band plane paralell sides, the expression corre­

sponding to Eq (3,1) is given by 

b2 
v = - 12 µ grad $ (3,3) 

where vis the fluid velocity vector (see, for example, 

C Louis [7]). 

The volumetric flow is then obtained by averaging the flows 

in all cracks over a large surface. If Eis the ratio between 

the crack areas and the total area, the average velocity 

in a single empty crack and the fluid velocity in a porous 

medium can both be expressed by the formula 

K 
v = - ___.E._ grad $ 

E g (3,4) 

It should be observed that a crack is seldom empty of solid 

particles and Eq (3,3) cannot be used in practical situations. 

If the crack is totally or partially filled with a porous 

medium, Eq (3,4) is of course still valid but problems arise 
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in connection with determining the porosity. The best way to 

determine the ratio K /E seems to be measuring the fluid 
p 

velocity in an individual crack with known physical charac-

teristics. Interpolation to cracks of different characte­

ristics may then be obtained by considering the influence 

of the crack width and the filling material. For an empty 

crack, the velocity is proportional to the square of the 

width. For filled cracks the velocity is a complicated 

function of the structure of the grains. A qualitative 

estimation of this dependence can be obtained by considering 

the permeabilities of different porous media. By theoretical 

investigations made mainly by Kozeny [1], the permeability 

for a porous medium was obtained as 

K 
p 

where c is a 

of the cross 

the specific 

interstitial 

constant 

section 

surface 

surface 

(3,5) 

depending on the geometrical shape 

of the assumed capillary tubes. I: is 

of a porous material defined as the 

area of the pores per unit bulk volume 

of porous material. For a cubic packing of spheres with 

radius R, K is proportional to R2 • It can be expected 
p 

that narrow cracks contain proportionally more small parti-

cles than broad cracks. This indicates that the velocity 

in an individual crack is proportional to the square of the 

crack width also for filled or partially filled cracks. 

2 
Without more experimental knowledge the b dependence can-

not be used for extrapolation of K /E. It is customary to 
p 

use K -values for typical rock configurations and use E-
P 

values as defined from empty cracks. This method was used 

in the present work for narrow cracks. For broad ones the 

average crack distance is not connected to any measurement 

of the volumetric flow. But then direct velocity measure­

ments may be used. The piezometric head,~' can be calculated 

for porous media from the expression 

0 (3,6) 
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gives sufficient accuracy in all cases of interest for the 

calculation of nuclide migration. For cracks, Eq (3,6) is 

of course also valid if the constraints of the crack walls 

are considered in the solution. Assume that the crack is in 

a vertical plane which contains the flow lines for a porous 

medium. This is the case if the crack plane is perpendicular 

to the lake shore and this is paralell to the sea. Then, 

t is the same function for the crack as for a porous medium 

in the same plane. On the other hand, if the crack plane 

has a different direction the boundary conditions of the 

rock must be considered. Such calculations are meaningful 

only if the case considered involves cracks with well known 

geometric and geologic qualities. No such attempt has been 

made in this work. Assuming that all cracks are vertical 

and perpendicular to the lake and the sea gives an upper 

limit for the velocity of flow. 

The boundary between media of different porosity requires 

special attention. Consider firstly a 2-dimensional case 

with two homogenous media, Ml and M2, where the ground 

surface of Ml is horizontal but the surface of M2 contains 

the sea and a slope. If M2 has higher porosity than Ml, 

the water flow in Ml is enhanced and the flow in M2 is re­

stricted by the boundary. The same situation appears for a 

crack which suddenly changes its dimensions. This is seldom 

the case. Usually, a smaller crack ends up into a larger 

one which goes in another direction. The difference is then 

that the flow in the larger crack will not be significantly 

affected by the smaller one. But the flow in the smaller 

one will still be increased by this discontinuity. If more 

than two such discontinuities occur, an increase in flow 

will occur in each crack which has its outlet before a 

boundary. Results for homogenous media can then be used 

for obtaining upper limits for the flow velocities. 

The problem of thermal convection is very difficult already 
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for homogenous media. In this work, no attempt has been 

made to investigate the specific effects appearing in cracks. 

But it should be pointed out that a crack restricts the 

geometry to two dimensions and this will decrease the con­

vection flow. 

The dissolved nuclides have generally a lower velocity than 

the water because of the sorbtion effect. The retardation 

factor K is defined as the ratio of the groundwater velocity 

to the nuclide migration velocity. For granular media the 

K factor is related to a distribution coefficient Kd by the 

expression 

(3,7) 

where pb is the bulk dry density of the porous medium and 

Eis the void ratio. 

For faulted media like cracks it is sometimes preferred 

using a surface distribution coefficient Ka in place of Kd. 

Then, 

(3,8) 

where Rf is the surface to volume ratio for the fault. 

Strictly, the sorbtion is always connected to a surface. For 

granular media the active surface is L, defined in connection 

with Eq (3,5). Thus, there is no marked difference between 

the sorbtion in cracks and in porous media and Eq (3,7) can 

be used as an alternative to Eq (3,8). 

If the retardation factor K is written as 

K V 

V 
a 

(3,9) 

where v is the nuclide velocity, the water velocity v can 
a 
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obtain 

V = 
a 

K grad ~ p 

7 

(3,10) 

If Kd pb is large compared to E, the latter quantity is 

negligible in calculating v. It is, however, difficult to a 
obtain experimental values for Kd pb in cracks. If Eq (3,8) 

is used in place of Eq (3,7) and the surface to volume ratio 

in the crack is 2 f/b, where r is an experimental factor, 

the nuclide velocity is 

V 
a 

a K grad w p 
g(b + 2 r K) 

a 

According to Canadian estimations K is of the order 

(3,11) 

-5 -2 a 
0.5 x 10 to 0.5 x 10 meters [5]. For an empty crack, 

r equals one. Then, band 2 r K are sometimes of the same 
a 

order. But if the crack is partially filled, r may be several 

orders of magnitude larger. If r = 100, the highest nuclide 
2 3 

velocity is only 10 to 10 times the volumetric velocity, 

and is indepentent of the crack width. 

4. ESTIMATION OF THE THERMAL CONVECTION 

Thermal convection caused by a constant heat gradient has 

been considered by Lapwood [8]. He concluded that a steady­

state convection can occur only under certain conditions, 

but this was for the adiabatic case with no cooling of the 

vertical boundaries. When heat is produced at the reposi­

tory, convection must always occur. Close to the 

heat source, the heated fluid will expand and move upward 

because of its lower density compared to adjacent parts 

of the fluid. The vertical velocity will decrease as the 

temperature decreases in upward direction and because of 

the incompressibility of the fluid a pattern of circulation 

loops will arise. The fluid will of course also carry heat 

away from the source. The temperature at the source surface 

will then decrease, causing a lower initial fluid velocity, 
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but because the temperature is spread out the time of stream­

ing in vertical direction will increase. This heat transport 

is not considered in the present work because the volumetric 

water flow is low and the convection model used can in any 

case give only an estimation of the convection effect. 

Further, all effects due to acceleration or retardation of 

the flow are neglected. 

The forces acting upon a volume element of fluid are then 

the pressure, the resistance according to Darcys law and 

the gravitational force. The equation of equilibrium is 

given as 

grad p + pEg - + g 0 K v P ez = 
p 

where e is the unit vector in z-direction. z 

(4, 1) 

For thermal changes by conduction only, the heat equation is 

(4, 2) 

In the static case where no thermal convection occurs the 

state variables are given by 

po = - g poz 

8 - 13 z 
0 

Po = p (1 - a 8 ) 
C 0 

The heat source causes a disturbance such that 

p = - g Po z + P1 

8 = - 13 z + 81 

p = p [l - a(8 + 81)] 
C 0 

(4,3) 

(4,4) 

(4 ,S) 

( 4, 6) 

(4, 7) 

(4,8) 

Inserting Eqs (4,6) and (4,8) into Eq (4,1) gives for a 

two-dimensional convection current 
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X 

= 0 

where v and v are the x- and z-components of v. 
X Z 

9 

(4, 9) 

( 4, 10) 

Consider firstly a rectangular loop of flow with constant 

velocity, v . The loop is assumed to have two vertical 
C 

parts, with length 1. One of them has a temperature close 

toe while the temperature in the other part is risen by 
0 

the value e1 . There are also two horizontal parts with length 

kl and average temperatures between e and e + e
1

. Assume 
0 0 

further that p1 is a linear function of x and z. Then, using 

Eqs (4,9) and (4,10) and neglecting terms of higher order, 

the velocity in the loops is obtained as 

V 
C 

( 4, 11) 

In reality, there is a continuum of loops with different 

velocities and different shapes. They may even be 3-dimen­

sional. As the heat source has a non-zero extension in the 

horizontal plane, the loops will probably be extended in 

that plane, that is, the constant kin the denominator 

will be larger than 1. Furthermore, the temperature in the 

downward flow is higher thane . This will counteract the 
0 

convection and still increase the denominator of Eq (4,11). 

On the other hand, an extension to 3-dimensions will cause 

the flow in horizontal direction and the downward directed 

flow to have a lower velocity than the upward flow. This 

effect decreases the denominator. The net result will be 

dependent upon whether the flow goes in one or a few cracks 

or in a homogenous material. It was assumed in this work, 

that the flow is 2-dimensional and that the effect of the 

extension in horizontal direction and of the elevated tem­

perature in the return path is such that k is equal to 3. 
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The error connected with uncertainties 1n k will be dis­

cussed in paragraph 6.5. Then 

V 
C 

(4, 12) 

The time- and space-dependent temperature e1 was calculated 

by solving Eq (4,2) for a point source. The assumption was 

made that the temperature at the surface ot the source can 

be given as 

8 (r 
s 

n 
=r)=r: 8 .(t.) 

o i=l s,1 1 
(4,13) 

where 8 . 1s a step function starting at the time t. and 
s,1 1 

r is such a small radius that the heat capacity of the 
0 

source can be neglected. This is of course not the true case 

and the A.s were adjusted accordingly. Thus, they are not 
1 

the true decay constants of the heat sources. For obtaining 

a more realistic description of the situation, the A.s were 
1 

chosen so that the true heat decay at the surface of the 

depository was simulated. This heat decay was obtained from 

3-dimensional calculations made by Blomquist [14, 15]. 

The solution of Eq (4,2) for a spherical source with the 

surface temperature 8 is 
s 

where 

and 

2 r 
0 

81 = r7TT 

r - r 
0 

u =---
0 2/K t 

2 
u 

t. = t[l - --0
--2] - t. 

1,s (u _ u) 1 
C 

-A•t· e 1 1, s ( 4, 14) 

(4,15) 

(4,16) 
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The integration of Eq (4,14) was made numerically. The tem­

perature obtained for a given point in time and space was 

then used for calculating the vertical velocity by Eq (4,12). 

The meshes were chosen so small that the velocity could be 

assumed constant for obtaining the next point in the nuclide 

migration. The total velocity was of course given by super­

position of the contributions from the convection and the 

gradient effects. 

s. CALCULATION OF GRADIENT EFFECTS 

5.1 Geometries and boundary conditions 

The gradient effects were calculated by solving the differ­

ential equation for the piezometric head. For an incom­

pressible fluid this is given by Eq (3,6). Purely analyti-

cal solutions were obtained by assuming appropriate boundary 

conditions and convenient assumptions about the space de­

pendence of the permeability K. Thus, the part of w (x, y, z) p 
defining the surface boundary condition was given for 

- CX) < X < CX) 

- 00 < y < CX) 

z = 0 

This means that the height variations of the ground surface 

were simulated by variations in win the plane z = 0. This 

is a small restriction only, because the height variations 

around appropriate burial places are small compared to the 

average depth of the nuclide path. 

At large depths, two alternative boundary conditions were 

used, namely, 

or 

~(x, y, - CX)) = 0 

-z max 

= 0 

(S,l) 

(5,2) 
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The restrictions in geometry and in the space dependence 

of the permeability were determined by the following four 

cases. 

a) 

b) 

c) 

d) 

5.2 

3-dimensional calculations with the surface 
boundary conditions determined by a drained well 
with constant rectangular cross section in the 
horizontal plane. The $-function was zero at 
z = - co. The permeability was assumed constant. 
See Fig 1. 

2-dimensional calculations for a simplified lake 
or valley. Lower boundary conditions according 
to Eq (5,1). See Fig 2. 

2-dimensional calculations with surface boundary 
conditions appropriate to a sea with a shore 
slope, see Fig 3. The lower boundary condition 
was according to Eq (5,1) and the permeability 
was assumed constant. 

2-dimensional calculations with surface boundary 
conditions according to Fig 4. The topography 
is described by a number of slopes interrupted 
by horizontal surfaces. The lower boundary condi­
tion was according to Eq (5,2). The permeability 
was a function of depth. 

A 3-dimensional solution 

For constant permeability, the piezometric head obeys the 

Laplace equation which in 3-dimensional Cartesian coordinates 

can be expressed as 

(5,3) 

The method of solving this equation with the boundary con­

ditions given in paragraph 5.1 a) is explained in Appendix 1. 

The result is 

W (xs -
ys 

- y) + 1jJ Cs - y 
y) w = x, 2 x, ~+ ± 

1 2 1 2 2 

± wi(:s + 
ys 

- y) ± wi(:s + 
ys 

y) x, 2 x, -+ 2 

(5 ,4) 
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s2 s2 
-+ 

s2 2 gz 
f arc 

s z 

4n2 sin 
,_ s2 

1 +-
2 z 

2 
n 

2 

] n 
2 

1 + .!L 
2 z 

2 
- n 

2 
+ n + 

x, y and z are the dimensions given 1.n Fig 1. It 1.s s s s 
assumed that 

13 

(5 ,5) 

For the two last terms of Eq (5,4), the plus-signs are valid 

when lxl < x /2. If lxl > x /2 the minus-signs are valid. 
s s 

An idea about the behaviour of 1jJ is obtained by taking the 

partial derivative with respect to z and letting x be much 

larger than y + y. Then 
s 

g x y z (x
2 - z

2) a,1, s s s 
-~➔ ----------for x >> y + y az s 

2( 2 2)5/2 
TT X + Z 

(5 ,6) 

Thus, the vertical flow is zero along the lines lxl = lzl. 

For smaller values of lxl, the flow is upward and vice versa. 

This model is appropriate for a well with horizontal dimen­

sions not too small compared to the vertical dimension. For 

a drilled well, the flow lines go mainly to the vertical 

surface and a solution of 1jJ in polar coordinates is more 

appropriate. Of course, the model can also be used for cal­

culating the flow to a lake. But then, the flow on large 

depths is important and it is more convenient to consider 

a solution for z-dependent permeability. Such a solution 

will, however, be given only for a 2-dimensional case. There­

fore, it is useful to investigate they -dependence of the 
s 

present solution. 
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+ 
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ul = 

d~I I 

1 
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written as the sum of two functions, ~i and 

derivatives of the two parts of ~l are, 

2 2 g z ~ ( yo 
2) 

s 
y2) (~/ + 2 ~2 + TT z 

0 

1 
2) 

1 

~2 Ji 2' 
+ z - u 

0 

2 

) ( ~ )2 
g z z ( Yo s 

y2 \~2 + z2 2 ~2 + TT 
0 

~2 2 

~2 
+ ( 2 

- y~) 2 
z 

~ + Yo 

~2 + 2 z 

g z 
s 

( 
\~2 

I 

✓i 

1 
2 

+ 
+ y 

0 

(5, 7) 

1 (5, 8) 2' 
- ul 

(5,9) 

1 
2' 

✓1 - u
2 

(5, 10) 

1 
--= z ( Y0 ) ( ~ 

2l 
(5, 11) 

~2 + y2 y2 + 
~-z, 'ilz 2 

TT z ✓l - u2 
0 0 

2 2 
2 (Yo - ~) 2 

y + 2 2 z 
0 + ~ yo 

(5, 12) u = 2 2 2 
Yo + z 

It is now evident that the gradient of~ for x >> x and 
0 

ys >> x is proportional to the factor 

2 
yo 

p = 2 2 
X + y 

0 

(5, 13) 
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For smaller x-values, this proportionality is still valid 

if z >> y . Therefore, the results for the 2-dimensional s 
lake model have been multiplied by pin order to take care 

of the finite size in they-direction. This is of course 

only a crude approximation. From Eq (5,6) it is evident that 

at least the z-derivative is proportional toy for x >> y 
s s 

and y = 0. 

5.3 Two-dimensional calculations of the piezometric 

head 

For calculating the flow to a sea like the Baltic or larger, 

a 2-dimensional model is appropriate. Further, a solution 

corresponding to an exponential decrease of the permeability 

with the depth is easily obtainable in two dimensions. 

Firstly, consider the Laplace equation with boundary condi­

tions according to Fig 3. If the lower boundary approaches 

infinity, the solution is (see Appendix 1), 

g ZS [TT X 
$ (x,z) = TT 2 - x arc tg 

s 

The partial derivatives are 

~ = g zs 
dZ 2TT X 

s 

2 2 
[ 

X + Z ] ln _(_x __ x_)_2_+_z-=-2 

s 

2 + 
+ z ] 

(5,14) 

(5, 15) 

(5,16) 
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From Eq (5,16) it is evident that the flow is directed 

downward if x < x /2 and vice versa. The behaviour is there-s 
fore different to that for a 3-dimensional lake where the 

vertical direction was dependent of the depth. The flow to 

a 2-dimensional sea will reach great depths if there is no 

lower boundary. 

A generalization will now be made, based upon the experimental 
fact that the permeability is a function of the depth. It de­

creases by two orders of magnitude from Oto 100 m depth 

(10, 11]. This case will be handled under the assumption 

that a lower boundary is present at finite depth. 

For a non-constant permeability, K, the piezometric head p 
is not governed by the Laplace equation. If K is only a p 
function of z, Eq (3,6) can be written 

where 

dK 
K 'v

2
iµ + _2 ~ = 0 

v dz clz 

K 
K = __E. 

V E 

(5, 17) 

(5, 18) 

The proper boundary conditions are different from those valid 

for an infinite lower space. It is not the ijJ-function which 

is zero at some depth -z because this may give rise to a max 
non-existent vertical flow. Instead, the vertical flow is 

zero at the lower boundary. This corresponds to Eq (5,2). 

Fig 4 shows a topography of horixontal surfaces at different 

heights interconnected by plane slopes. Corresponding boun­

dary conditions are also given. Eq (5,17) is now solved for 

upper boundary conditions according to Fig 4, for a lower 
boundary condition according to Eq (5,2) and with a z-depen­

dence of K given as 
V 
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(5,19) 

For brevity, the quantityµ and the functions F (z) and 
n 

G (x, z) are introduced by the expressions 

and 

z 2' 
max j 

- l) TT 
n = 1, 2 ••• 

00 

F (z) = ¾ L 
~ [TT(n - ½) z], 

s1.n ----­z max 
e 

az 
2 

n=l 

1 az [TT(n - -) -r ' . 2 
'dO ,s1.n z e 

L 
z 

G(x, z) 
max max = 2 1/ 2 TT n=l (n - 2 µn 

1 TT(n - -
2

) µ lx
2

. - xl . n 1. 

- e ] 

(5,20) 

(5,21) 

z] 

(5,22) 

where N 1.s the number of slopes. The meaning of the quanti­

ties~ and zk can be found from Fig 4. 

The piezometric head 1.s then 

~ (x, z) = g[zk F (x) + G (x, z)] (5,23) 

if x 1.s inside the horizontal plane preceding slope k and 

~ (x, z) + G(x, z)] 

(5,24) 

if x 1.s within the boundaries given by slope k. For the 

last horizontal plane, zk is zero. 
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If the permeability is constant,µ and F(z) are both equal n 
to 1. For physical reasons, F(z) should always be constant. 
Otherwise there is a vertical flow even in the absence of 
any slopes. This vertical flow can only be present if there 
is a vertical boundary with non-zero crossing flow. Because 
no such boundary is assumed, the vertical gradient corre­
sponding to F(z) is always set to zero. Numerical computa­
tions show that F(z) is always nearly constant. Its depen­
dence of the permeability parameter 'a' is, however, important 
for calculating the horizontal flow below a slope. It is 
shown in Appendix 2 how the slow convergence of the sum in 
Eq (5,21) can be circumvented. 

The variation of the permeability with depth corresponds to 
values of the parameter 'a' between 2 and 5. Such high values 
will decrease the $-function considerably compared to that 
for a constant permeability. Then, the flow velocity will 
decrease correspondingly for a given value of K. But, because 

V 
the depth penetration of the flow will be smaller, the resul-
ting change in the transport time will be dependent upon the 
topography. If there are no large changes in the surface 
gradient, the transport time will be much longer for a case 
with varying permeability. But in some cases the transport 
time is shorter for varying permeability. 

The derivatives of the $-function contain sums which sometimes 
converge very slowly and they diverge for x = x2i-l or 
x = x

2
i. Therefore, they were computed from finite differences 

of the $-function. 

A two-dimensional lake or valley is formed if the angles of 
inclination of two subsequent slopes change from a negative 
to a positive value. A hill is obtained with the opposite 
change of sign. An approximate consideration of the third 
dimension was obtained by multiplying the gradients with 
the factor p given by Eq (5,13). It should,however, be kept 
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in mind that the flow will probably turn into the perpendi­

cular direction when arrived at a valley. A proper con­

sideration of this situation can only be made by 3-dimensional 

calculations but an approximate solution may be obtained 

by two subsequent 2-dimensional calculations in different 

directions. 

The experiments referred to earlier in this paragraph show 

that the permeability will approach a constant value for 

large depths. Therefore, the solutions for an exponentially 

decaying permeability are not very good even if the decay 

constant 'a' is fitted to some K-value at an average depth 

of flow. It can, however, be easily shown that a combina­

tion of the solutions for constant permeability and for an 

exponentially decaying permeability will be good improve­

ment. Consider a K -function of the type 
V 

K 
V 

az 
e 

The corresponding transport equation is 

az 
e 

For z ➔ 0, Eq (5,26) approaches the equation 

(5,25) 

(5,26) 

(5,27) 

This has the same form as the equation for experimentally 

decaying permeability. Call the solution ~1 . For z ➔ - 00 , 

Eq (5,26) approaches the equation for constant permeability. 

Call the corresponding solution ~2 . A convenient approxi­

mation to the solution of Eq (5,26) is then a linear combi­

nation of the solution of Eq (5,27) and that for constant 

permeability, that is, 

(5,28) 
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The constants a, A and Bare obtained from the K-value at 

z = O, K , at z = -1, K and at z = - 00 , K. It is easily zo zl' 00 

seen that 

y(K - K ) 
zo = a = K 

(5,29) 
zo 

where 

= ln ( Kzo 
- K 

) <X) 

y 
Kzl - K 

<X) 

(5,30) 

A and B were calculated so that w = w2 for a constant per­

meability and w = w1 for a pure exponential decay. Then, 

K - K zo = (5,31) A = K zo 
K 
= (5,32) B = K zo 

In practical situations, the constant Bis small compared 

to A. 

5.4 Consideration of boundaries between media with 

different permeabilities 

Consider firstly a 2-dimensional medium consisting of N 

homogenous parts. They are numbered from left to right. 

Assume that a solution of the w-function, w1 , is obtained 

for medium 1 with boundary conditions as those for an in­

finite medium. The geometric assumptions are such that 

w = 0 for x = - 00 but is not necessarily zero for x = + oo. 

Denote the x-value for the right boundary of medium 1 with 

x1 , that for the next boundary with x 2 and so on. For medium 

2 the solution w2 of the transport equation is divided into 

symmetric and antisymmetric components with respect to x1 . 

With the notion 

x' = (5,33) 
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$2 can be written 

(5,34) 

where 

and 

It is easily seen that the following conditions are valid 

for x = x1 or x' = 0 

(5,37) 

Now, the flow at the boundary x' = 0 is continous in the x­

and z-directions separately. In order to fulfil this condi­

tion, the solutions are changed in the following way. 

w1 (x,z) ➔ a 1 w1 (x',z) (5,38) 

W2 (x,z) ➔ a2,s w2,s (x' ,z) + a2,A $2,A (x',z) 

(5,39) 

Besides the translation of the x-coordinate, the function 

w1 is multiplied by a constant. This means that the flow 

lines are unchanged but the velocity of the flow is multi­

plied by the same constant in each point. For w2 , there is 

also a change in the flow lines which is obtained by changing 

the boundary conditions to the left of the line x = x1 . 

This change of boundary conditions simulates the change of 

permeability. It should be noted that the two solutions 

according to Eqs (5,35) and (5,36) are obtained from the 

general solution of the transport equation in the complete 

space with a permeability independent of x. 
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The flow in z-direction at the x1 boundary is independent 

of the change in permeability. Therefore, using Eq (5,37) 

(5,40) 

Now, according to Eq (5,35) 

( aw ) ( ) 2,s = 2 ~ 
az x'=O az x=x 

1 

(5,41) 

and then 

(5,42) 

The flow in the x-direction is obtained by multiplying each 

x-derivative by the permeability. Thus, 

K a (awl) = K a (aw2,A) 
p,1 1 ax' x'=O p,2 2,A ax' x'=O 

(5,43) 

where the indices on the permeabilities refer to the proper 

media. 

Using Eqs (5,36) and (5,43), the relationship between a 2 A , 
and a1 is obtained as 

(5,44) 

The same procedure can be repeated at each new boundary in 

the right direction. In the Nth medium (the last to the 

right), a new relationship is obtained by letting x' approach 

infinity. Because w (x = - oo, z = O) = 0, 

(5,45) 

Then, in order to fulfill the boundary condition at x = oo, 

the following relationship is obtained. 

a + a = 1 
N, s N ,A (5,46) 
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The final solutions for the weighting factor can be written 

in a simple form by using the notion 

K 
K = ~ 

K p,N 
(5,47) 

Then, 

1 1 
a = 2 al = 
n, s 1 + K 

(5,48) 

1 
(:p, 1) a n,A 1 + K 

p,n 
(5,49) 

If for each medium K 1 >> K , the constant a 1 approaches n+ n 
2, a approaches 1 and a A approaches zero. The conclu-n,s n, 
sion is then that the flow in each medium can never be more 

than 2 times the flow obtained if this medium fills the 

total space. The factor 2 is obtained if the permeability 

to the right of the medium is infinite. 

If now a medium of hard rock with cracks is considered it 

should be noted that the flow in each crack is feeded from 

a number of other cracks. Then, if the first junction in 

the flow path followed is denoted by x
1

, the flow to the 

right of x
1 

is not determined by the x-coordinate only but 

also of the conditions in a direction, say y
1

, corresponding 

to the main flow in crack No 2. But even in this case it is 

evident that the flow to the left of point x1 cannot be 

increased by more than a factor of two due to an increase 

in the permeability at point x1 . A reasonable but probably 

pessimistic estimation is obtained by multiplying the t-func­

tion to the left of each junction with the factor 

2 
a = -----n K 

(5,50) 

1 + --1:..!..E. 
Kp,N 
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MINUTE calculates the migration of a nuclide from the point 

of repository to the point where it reaches the surface. 

The velocity components due to the temperature rise and to 

the hydraulic gradient are calculated at a number of discrete 

points along the path. The first steps in time and in verti­

cal direction are given in the input data but later time 

steps are chosen by the program so that each vertical step 

is not greater than 3 times the first vertical step and not 

smaller than this step. The steps in space are then obtained 

as the vector sum of the product of velocity components and 

time step. 

The thermal convection is calculated from the formulas given 

in section 4 and the gradient effects due to a well or a 

lake and to a sea are calculated according to the theory given 

in section 5. A constant horizontal flow can be superposed 

upon the results. For one lake or one valley the perpendi­

cular dimension can be considered approximately. Otherwise 

lakes and valleys are treated by the 2-dimensional model. 

For a well, the 3-dimensional solution of the piezometric 

head for constant permeability is used. 

The nuclide leach time from the repository, TL, is divided 

into an arbitrary number of time steps with a given weight 

function. The migration is calculated for the beginning of 

each step and the weight function is used for obtaining the 

corresponding discharge rate. 

The input data to MINUTE are 

2 
K = thermometric diffusivity of rock, km /yr 

a = coefficient of thermal expansion by volume 

K = average permeability of the rock, km/yr p 
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-1 = nuclide decay constant, yr 
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= horizontal water velocity to be superposed, km/yr 

= number of zones with different permeabilities 

= right boundary of each zone, km 

= permeability at the ground surface in km/yr for 
each zone 

= porosity at the ground surface for each zone 

= permeability at 1 km depth in km/yr for each zone 

= porosity at 1 km depth for each zone 

= permeability at infinite depth in km/yr for each 
zone 

= porosity at infinite depth for each zone 

= number of heat sources at the repository 
-1 = decay constants for the heat sources yr 

= start times for the heat sources yrs 

= initial temperatures above environment temperature 
0 for the heat sources, C 

= nuclide leach time from repository, yrs 

= distance from ground water level to the center 
of the repository, km 

= lower boundary of the piezometric head, km 

= 0/1: Are the slopes present, no/yes 

= 0/1: .Is there a lake present, no/yes 

0/1: Is there a well present, no/yes 

= number of slopes present 

= x and z values for the left and right boundaries, 
respectively, of each slope. x-values in km, 
z-values in meters. Only present if !SLOPE= 1 

XL1 , ZL1,= 

XLz, ZLz 

x and z values for the left and right boundaries, 
respectively, of the lake. x-values in km, 
z-values in meters. Only present if !LAKE= 1 

RS 

XS, YS 

zs 
WDEPTH 

= distance from repository to the well (km) 

= horizontal well dimensions, meters 

= height over sea level of the well surface, meters 

depth of well, meters 
(The well data are only present if !WELL 1) 



AKTIEBOLAGET ATOMENERGI AE-RF-77-3264 

1977-09-14 

26 

R 
0 

distance between top and centre of the reposi­
tory, km 

d 
z 

dt 

Nt 

N 
z 

NL 

A 
o,n 

(n=l,N
1

) 

initial step in vertical direction, m 

= initial time step, yrs 

= maximum number of time steps 

= maximum number of space steps 

= number of leakage intervals 

= leach rate at repository for each interval 

The first part of the output list contains the input data. 

Then, 5 columns with data are given for each time step. These 

data are the z-level, the x-distance, the corresponding time, 

the temperature in the given point and the total velocity 

in this point. At the end of each time step, the following 

data are given: 

Start time 

Time for discharge of the nucleus to the surface 

The z-level for the last calculated step 

The leach rate for the given leakage step 

The integrated leakage for the given leakage step 

Typical computing times on the CYBER-172 computer are of the 

order 10 - 15 seconds per leakage step. Then, the initial 

space step was 1 meter and the initial time step 2 years. 

6.2 Choise of input data 

The data have been chosen with consideration of Swedish 

geological conditions. The geographical data have been 

connected to two alternatives for a repository, namely at 

Forsmark and at Oskarshamn. Some variations in these data 

have been made and the calculations can therefore be con­

sidered as a parametric study. 
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The largest difficulties lay in assessing the porosity values. 

As pointed out in Section 3, the porosity is not defined 

unequivocally for cracks. Furthermore, the positions of 

cracks with widths of the order of 1 cm or less are not 

very well known even for a carefully studied repository. 

Cracks having one or two orders of magnitude larger widths 

are assumed to be recognizable from the ground surface. 

Experimental investigations in Studsvik indicate, however, 

that the water velocity in a crack with about 1 cm width 

is about 10-3 m/s for unit gradient [12). The investigated 

crack was then about horizontal and at a depth of about 60 m. 

It is reasonable to assume that vertical cracks have a 

better filling factor on large depths. In the calculations 
-3 performed the value 10 m/s was assumed for the K /E value 

p 
at the ground surface for all large cracks. It should be 

noted that the largest cracks can be considered as porous 

media. The porosity for such cracks are assumed to have 

values of the same order as sandstone of high permeability. 

According to Lapwood [8], this is about 10-4 
m/s and the 

porosity is at least as high as 0.1. Then, the velocity in 

very large cracks is about the same as that in cracks with 

a width of about 1 cm. Jt can also be noted that the average 
permeability in large cracks has been estimated to be about 

10-5 m/s [13]. The velocity 10-3 m/s for unit gradient is 

then obtained by assuming E 0.01. It is also assumed that 

the corresponding velocity at a depth of 1 km is 10-5 to 10-4 

m/s. These values were obtained by assuming that the permea­

bility has decreased by the factor 200 and the porosity has 

decreased by a factor 2 to 20. The permeability is a conser­

vative estimation from the experimental results by Carlsson 

and Olsson [11). The E-values are guessed. The higher E-value 

was obtained by assuming that 60 % of the crack is filled 

with a porous medium at the ground surface and that the 

porosity of this medium is 0.5. At 1 km depth it was then 

assumed that the crack is totally filled with a medium with 

porosity 0.35. The lowest E-value is closer to those of 

cracks with plane parallel surfaces. 
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For narrow cracks, experimental permeabilities have values 
-8 -10 between 10 and 10 m/s at depths about 500 m. The poro-

sities are, however, very uncertain. If it is assumed that 
the permeabilities at the ground surface are between 10-6 

and 10-8 m/s and that the porosity 1s of the order of 10-3 

-5 -3 to 10 , the K /E values are again of the order of 10 m/s. p 
And assuming further that a narrow crack is discharged into 
a large one the velocity in the former one is doubled. One 
conclusion is then that the velocities in narrow cracks may 
be greater than 1n broad cracks. On the other hand, narrow 
cracks close to a repository can be filled with clay or 
other sealing materials and it is therefore not possible 
with a higher water velocity in those cracks. Thus, the final 
conclusion is that it is not very meaningful to make differ­
ent assumptions about the relative lengths of narrow and 
broad cracks. In the present calculations it was assumed 
that the narrow cracks start at the repository and have a 
length of 10 m. K /E was assumed to have half the value p 
taken for broad cracks. At infinity, K /E was set to 0.1 p 
times the value at 1 km depth. A lower boundary was set at 
4 km depth. 

The retardation factor, K, varies with many orders of magni­
tude for different nuclides. For Sr 90 the value 6 - 8 has 
been obtained by measurements 1n Studsvik [12, 13). For 
illustration of the influence of K upon the migration, 

calculations were made in one case for K = 1, 6 and 100 with 
other input variables constant. 

The material data connected to the heat distribution are the 
thermometric diffusivity Kand the volume expansion coeffi­
cient a. According to Blomquist [14), K = 0.15 · 10-5 m

2
/s 

for granite. The expansion coefficient has been chosen to 
-4 0 -1 0 3.0 · 10 C which corresponds to about 30 C. This is 

considered as an average value over the volume where convec­
tion occurs. The heat sources were chosen in order to satisfy 
the results of the calculations by Blomquist [14, 15) of the 
temperature distributions in hard rock due to a representa-
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tive Swedish repository of radioactive wastes. He found that 
the maximum temperature increase above the environment 
temperature was in the centre of the repository at any time 
about 75°c. In this work, the temperature 70°C was chosen 
for a heat source starting at the time zero and 10°C for a 
source starting at the time 100 years. A decay constant of 

-3 -1 2 • 10 yrs was chosen for both sources because Blomquist 
also found that the maximum temperature increase was about 
30°c after 500 years. 

The leakage time from the repository was chosen to 500 years. 
This is much smaller than the true leakage time but the 
value was chosen because the leakage is highest in the be­
ginning. This time was divided in four parts such that 
migration calculations started at 0, 125, 250 and 375 years. 

The initial vertical step length was chosen to 1 m and the 
initial step length in time was 2 years. The first time step 
used was calculated by the program from the velocity and the 
maximum vertical step length. 

6.3 Geographical data and results 

The geographical data are given in Figs 5 - 11 and in Table 1. 
Figs 5 - 7 correspond most closely to the investigated re­
pository area at Forsmark. The real topography cannot be 
given exactly in two dimensions and different variants were 
therefore considered. The regional slope down to the Baltic 
is interrupted by rather horizontal levels and even by hills. 
But in such regions there is always a downward slope in the 
perpendicular direction or otherwise a lake is present. The 
only lake in the area cross section considered is, however, 
situated about 400 m from the repository in the opposite 
direction from the Baltic. Therefore, the most representative 
topography was assumed to be that of Fig 5. But, for investi­
gation of several interruptions in the regional slope, in­
cluding a hill, the topographies according to Figs 6 and 7 
were considered. A simplified topography according to Fig 8 
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was considered in order to eliminate the influence of the 

first steep slope present in the earlier cases. A quite 

hypothetic variant with a lake in the same direction as the 

sea is seen in Fig 9. Fig 10 shows a repository situated 

quite close to the sea and with a very high regional gra­

dient. Fig 11 shows finally a topography corresponding to an 

investigated site close to Oskarshamn. The real level of the 

lake is l mover the sea but the value 15 m was used in 

three cases for conservative reasons. 

The deposition depth was normally chosen to 0.5 km but in 

addition the values 1.0 and 1.5 km were considered for three 

different topographies. It should be pointed out that no 

experimental values of permeabilities or porosities were 

available for larger depths than a few hundred meters. 

Therefore, the uncertainties in the results decrease for 

very large deposition depths. 

In Table 2, the minimum times of transport to different 

points are given. The x-coordinates of the points were 

chosen as 0.25, 0.50, 1.0, 2.0 and 4.0 km. The flow was 

always directed towards the sea. The corresponding depths 

and transport times were obtained from the output from 

MINUTE. Theoretically, the nuclides may obtain the surface 

at much larger distances than 4 km but this was not consi­

dered to be of practical importance because large crossing 

fissures and other neglected details of the topography will 

effect the real migration path. In three cases, the depth is 

zero at some of the given points. This means that the nuclides 

have arrived at the surface before this point but at a time 

given in the corresponding time column. 

Case l was considered for three different retardation factors, 

K. It is seen that the deviation from linearity in K is 

so small in this case that it can be neglected. Larger devia­

tions can sometimes be found, but because of the highly 

approximate convection calculation it is reconnnended to 

always assume linearity. 



AKTIEBOLAGET ATOMENERGI AE-RF-77-3264 

1977-09-14 

31 

A more detailed description of the results from case 1 is 

given in Figs 12 and 13. The vertical position as a function 

of time is given in Fig 12. The large variations 1n the be­

ginning are due to the thermal convection and to the large 

variations in the surface slope. The depth is rather constant 

at larger time values because the surface is then rather 

smooth. Fig 13 shows the horizontal distance as a function 

of time and it 1s seen that the curve has a deviation from 

linearity only in the beginning. 

Case 2 differs from case 1 only by a smaller value of K /E. 
p 

It should be noted that the transport times are larger for 

case 2 by a factor which is larger than the relation between 

the Kp/E values. This is due to the convection effect which 

can be seen by comparing Figs 12 and 13 with Figs 14 and 15. 

The latter figures show the vertical and horizontal positions 

as functions of time for case 2. It is seen that the average 

depth is larger in case 2 than in case 1. The reason is that 

the temperature has decayed to a very low value within a 

short migration distance. One can conclude that for negligible 

convection the migration times would increase, especially 

in case 1. 

Cases 3 and 4 are concerned with the same topography as 

cases 1 and 2 but the deposition depths are 1.0 and 1.5 km, 

respectively. It is seen that each step causes approximately 

a doubling in transport times with this topography. It will 

be seen later that these relations may be larger for other 

topographies. 

In cases 5 and 6 some variations in the earlier topography 

are considered. It can be concluded that the occurance of 

a large plateau or a hill between the repository and the sea 

causes the water to arrive earlier to the surface. But it 

must be pointed out that the results are pessimistic because 

of the 2-dimensional model. In a 3-dimensional model there 

would be a slope in the perpendicular direction and this 
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slope will often cause a downward directed gradient besides 

the horizontal gradient. In any case, the last mentioned 

component will cause a prolonged flow path and the water 

will be mixed up with water from other sources. 

Case 7 has the same regional slope as case 1 but the reposi­

tory is situated on a place where no large local gradients 

occur. Because of this, the water velocity is much lower 

close to the repository. This conclusion is important if 

it is not possible to find a repository far from large 

fissures. Then it should be situated in an area with so low 

local gradients as possible. This result is still more 

accentuated in cases 8 and 9 which differ from case 7 with 

regard to the deposition depth only. In this topography, 

an increase in the depth by 500 meters will approximately 

triple the transport times. 

Case 10 considers a lake between the repository and the sea. 

The water will then flow up into the lake but because of 

a comparatively large horizontal plateau. The transport times 

will be considerably longer than in the corresponding earlier 

cases. Still, the distance from the repository to the lake 

slope is only 750 m. 

In case 11, the regional slope is 7.5 times as high as 

in earlier cases. It is then seen that the mean flow velo­

city is not proportional to this relation but is lower 

because of the plateau close to the repository. A similar 

situation is utilized in a more optimal way in cases 12 - 15. 

Case 12 is perhaps a little extreme because of the compe­

tition between the lake and the sea in calculating the 

horizontal gradient. But in cases 13 to 15 the effect of 

the lake is very small. Still, the average horizontal 

velocity for case 13 is 4.6 · 10-S m/s which corresponds 

to an average horizontal gradient of less than 10-3 . The 

regional gradient is 4.25 · 10-3 An increase of the deposi­

tion depth from 0,5 to 1.0 km increases the transport time 
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by a factor of 3 in average but the gain is much larger for 

short transport lengths. 

Additional calculations were made for case 1 with a pumped 

well situated at different distances from the repository. 

The horizontal dimensions of the well was 5 x 5 m and the 

depth was 5 m below the ground water surface. The well had 

no effect upon the migration path. The pumping will of 

course maximize the effect. 

Another type of problems occur when the water flow with 

nuclides is discharged into a fissure. In this connection 

the following problems were considered: 

a) 

b) 

How strong is the upward gradient in a fissure 
as a function of the depth if the only piezo­
metric head is due to the decrease in the ground­
water surface in the fissure compared to a constant 
level on both sides of the fissure? Is this 
gradient of importance for estimation of the 
point where nuclides discharged into the fissure 
will reach the surface? 

Assume that the fissure is at the lower end of a 
slope to a valley. The upward gradient is largest 
at this point. How strong is then the vertical 
gradient for realistic topographic conditions? 
How long way will the nuclides move along the 
fissure before they reach the surface? 

In both cases, it was assumed that a constant horizontal 

gradient exists along the fissure. It is also assumed that 

water is discharged into the fissure at every point so that 

the water from the repository will be continuously diluted. 

Another question is then how much the water from the reposi­

tory is diluted when it reaches the surface or a well. 

Consider firstly a fissure on a horizontal ground level. 

The geometry and boundary conditions are then according to 

Fig 2. For simplicity the lower boundary is extended to 

infinity. It is easily seen that the vertical gradient at 

the centre of the fissure is given by 
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Fig 16 shows the expression 

as a function of z/z • 
s 

34 

(6,1) 

A high estimation for z is 1 m and the calculations have 
s 

shown that the migration depth for nuclides is approximately 

equal to the burial depth until they arrive at a valley, 

lake or sea. Thus, if a burial depth of 500 m is assumed, 

z/z is at least equal to 500. Then,, 
s 

(6, 2) 

The ratio x /z is surely less than one. The horizontal 
s s -3 

gradient is at the Forsmark site about 2 10 . It is 

then obvious that the vertical gradient is negligible for 

fissures of reasonable dimensions. For each meter in the 

upward direction, the nuclides have moved at least 1 km in 

the horizontal direction if no other gradients were present. 

Next, consider one side of a valley with dimensions according 

to Fig 3. It is firstly assumed that the perpendicular ex­

tension is infinite. The vertical gradient has its largest 

positive value at x = x and can be obtained from Eq (5,16) 
s 

as 

= 
z 

s 
2nx 

s 
(6, 3) 

Assume further that a large fissure is situated in the per­

pendicular direction at the x-value considered and that the 

water flow changes from the x-direction to the perpendicular 

y-direction because of the high permeability of the fissure. 

The discharge point is given by the coordinates xs' y
0 

and 

-z . At each later moment, the relationship between the 
0 

vertical and the horizontal position is given by 
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(6, 4) 

where v and v are the vertical and the horizontal velo-z y 
cities, respectively. If the horizontal velocity is constant, 

the horizontal transport path can be written as 

D.y = y - yo= 

-z 
0 

dz 
7aTI 
'\ai.) 

where i is the horizontal gradient. 

(6,5) 

Within small vertical intervals, aw/az can be considered 

as constant. Eq (6,5) can then be integrated numerically 

using Eq (6,3) for aw/az. This gives a low estimation of 

the horizontal path length t.y for a given vertical transport 

path because the slope boundary always has a finite extension 

in they-direction. When the boundary between the slope and 

the valley is replaced by a smooth surface, the vertical 

gradient decreases significantly. 

At the Forsmark site, a large fissure is situated in about 

the position considered. The length and height of the slope 

is approximately 

X Rl 60 m 
s 

z Ri 10 m 
s 

The gradient and the horizontal movement at different depths 

is then given in the following table 

z (meters) 1 aiµ 10-3 D.y (meters) --x g az 

100 8.2 40 

200 2.3 120 

300 1.0 250 

400 0.59 400 

500 0.38 1 800 

750 0.17 3 600 

1 000 0.10 
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It is seen from the table that the total transport length 

before the nuclides have reached the surface is only about 

800 meters if the initial depth is SOO meters. For 1 000 m 

initial depth, the transport length is, however, more than 

6 km. This conclusion is important because the extent of 

the repository in the direction of the fissure is about 

1 km. Thus, the water coming from the repository is only 

diluted by the amount of rainwater falling over an area 

equal to the repository area if the transport length is less 

than or equal to the length of the repository. This corre­

sponds to a deposition depth of 500 m. If, however, this depth 

is 1 000 m, the water flow from all land above the fissure 

gives a large additional dilution. This includes water from 

streams and from large crossing fissures and is at least 

one order of magnitude larger than the diluting water from 

the repository area. Furthermore, the transport time below 

the ground surface may be very long if the surface is smooth 

in the direction of the fissure. 

6.5 Estimation of the accuracy 

As mentioned earlier~ the main uncertainty in the results 

1s due to the uncertainty in the porosity or corresponding 

calculational quantity which effects the K /E value, In 
p 

order to point out this uncertainty, calculations were made 

with two values of K /E which differ by one order of magni-p 
tude at 1 km depth. The difference is, however, lower at 

most of the migration paths considered. Most calculations 

are made with K /E = 10-4 m/s at 0.5 km depth and this value p 
is believed to be an upper limit. The transport times differ 

also by about one order of magnitude for the two assump­

tions made, 

Another source of uncertainty is the crude estimation of the 

convection flow. Additional calculations have shown that a 

doubling of the flow velocity due to convection decreased the 

migration time by about 20 %. Such a doubling is, however, quite 

unreasonable for the flow from the centre of the repository 
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where the temperature is highest. The cirkulation paths will 

be shortest at the edges of the repository. There, the tem­

perature is about 50 % of that existing in the centre. Then, 

changing the k-factor in Eq (4,11) from 3 to 1 and dividing 

the temperature difference by 2 results in an unchanged con­

vection velocity. 

The analytical models for calculating the &ydraulic gradient 

have of course inherent approximations. The most important 

of these are: 

a) 

b) 

c) 

d) 

7. 

The geometry is 2-dimensional and the ground 
surface is approximated by straight lines. This 
is at least partially compensated by considering 
a large number of cases. 

The piezometric head is calculated as a linear 
combination of solutions for constant permeability 
and for an exponentially decaying permeability. 
The true function describing the permeability varia­
tion with the depth is not known. Furthermore, 
the permeability is probably anisotropic. It is 
not unreasonable to assume that the corresponding 
uncertainty in migration time is of the order of 
50 %. 

A lower boundary was set at a depth of 4 km. It 
is not justified to have a boundary at a smaller 
depth than this value. A calculation was also 
made for a boundary at 6 km depth. The resulting 
migration times were only about 1 % larger. The 
conclusion is that the position of the boundary 
is unimportant within reasonable limits. 

The groundwater level has a large number of smaller 
variations in height which have not been consi­
dered. It has, however, been shown that a well 
with reasonable dimensions will not cause any 
disturbance in the flow at the depth we are con­
cerned with here. The same conclusion must then 
also be valid for comparable groundwater varia­
tions. Larger variations in the surface level can 
be handled in the same way as lakes. 

CONCLUSIONS 

The conclusions are very much dependent upon the assumption 

about the ratio between permeability and porosity and upon 
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the retardation factors for different nuclides. If the lower 

value used for K /Eis valid and if the retardation factors p 
published by Burkholder [2] hold, the underground migration 

times are more than 30 times the half lifes for nearly 

all radioactive waste nuclides in all cases. Much lower 

retardation factors have, however, been obtained for acti­

nides in Swedish measurements. Then, many nuclides can 

never be totally stopped by absorption in the rock. It 

should be noticed, however, that for the most pessimistic 

assumption about K /E the water transport time for a distance p 
of 1 km is for the Forsmark site about 100 years for a depo-

sition deoth of 0.5 km and about 200 years for a deposition 

depth of 1 km. The corresponding values for the Oskarshamn 

site are 120 years and 400 years, respectively. It was not 

expected that the latter site would be more favourable, be­

cause the regional gradient is higher. This is, however, 

more than compensated by the lower local gradient close 

to the repository. Still longer transport times occur for 

sites with very small local gradients. The regional gradient 

is important only over large distances and then other factors 

are more significant, namely, the occurence of large fissures, 

lakes and streams. 

It was also concluded that a large fissure is not disastrous 

if the deposition depth is large. Then, the flow path within 

the fissure will be long and the water from the repository 

will either be highly diluted or the transport time within 

the fissure may be large or both can happen. A well in a 

valley or in a fissure has no influence upon the migration 

path. 

It can also be concluded that the vertical gradient always 

is largest at a change in the surface slope and decreases 

rapidly with the distance from such a point. It is upward 

directed when the horizontal gradient decreases and vice 

versa. For the topographies concerned, vertical gradients 

may be neglected at distances larger than about 1 km from 

significant changes in the local horizontal gradient. 
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A related result was that a lake at a distance of 0.5 km 

or more in the opposite direction to the sea could not 

change the direction of the water flow. 

There are uncertainties in the calculational models but 

these are compensated by the large number of cases con­

sidered and they are in any case small compared to the un­

certainties in the geological input data. Measurements of 

pore velocities in a large number of cracks of varying 

dimensions and at different depths would be most valuable. 
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Table 1 Input data defining the different cases 

Depos 104Kp/E Geographical data 

Ref depth at depos Distance in km to 

Case Fig km depth Slopes Plateaus Lake 

1 5 0.5 LO 0.6,1.0 0.66 -0.4 

2 5 0.5 0.33 0.6,1.0 0.66 -0.4 

3 5 1.0 0.33 0.6,1.0 0.66 -0.4 

4 5 1.5 0.10 0.6,1.0 0.66 -0.4 

5 6 0.5 1.0 0.6,1.9, 0.66,3.0 -0.4 
5.0 

6 7 0.5 1.0 0.6,1.0, 0. 66, 1. 2, 2. 0 -0.4 
1.8,2.2 

7 8 0.5 1.0 0.0 0.0 -0.8 

8 8 1.0 0.33 0.0 0.0 -0.8 

9 8 1.5 0.10 0.0 0.0 -0.8 

10 9 0.5 1.0 2.0 0.0 0.8 

11 10 0.5 1.0 0. 25, 1. 2 0.80 -1.0 

12 11 0.5 1.0 0.25,2.0 0.80 -1.0 

13 11 0.5 1.0 0.25,2.0 0.80 -1.0 

14 11 1.0 0.33 0.25,2.0 0.80 -1.0 

15 11 1.5 0.10 0.25,2.0 0.80 -1.0 

Tab 1 

Lake dim/km 

Sea ~ YL 

15.0 1.0 5.0 

15.0 1.0 5.0 

15.0 1.0 5.0 

15.0 1.0 5.0 

15.0 1.0 5.0 

15.0 1.0 5.0 

15.0 1.0 5.0 

15.0 1.0 5.0 

15.0 1.0 5.0 

15.0 1.0 5.0 

2.0 0.0015 0.050 

4.0 1.0 1.0 

4.0 1.0 1.0 

4.0 1.0 1.0 

4.0 1.0 1.0 
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Tab 2 

Table 2. Minimum time of transport (yrs) to different points given by the hori­
zontal and vertical coordinates (km). 

Retard X = 0.25 0.50 1.0 2.0 4.0 km 

fact -z t -z t -z t -z t -z 

Case K km yrs km yrs km yrs km yrs km 

1 6.0 0.49 280 0.55 386 0.57 578 0.36 1300 0.30 

1 1.0 0.45 30 0.57 65 0.56 95 0.36 225 0.31 

1 100.0 0.59 4700 0.65 6800 0.69 9000 0.61 25000 0.54 

2 6.0 0.55 3000 0.60 3500 0.65 4070 0.53 7100 0.51 

3 6.0 0.92 500 0.94 700 0.99 1300 0.89 3000 0.82 

4 6.0 1.40 llOO 1.49 1900 1.52 3000 1.41 6800 1.35 

5 6.0 0.48 280 0.56 400 0.60 540 0.31 1600 0 

6 6.0 0.48 300 0.55 440 0.53 670 0 1080 

7 6.0 0.38 350 0.40 550 0.44 1000 0.48 1700 0.50 

8 6.0 0.85 llOO 0.86 1700 0.90 3200 0.93 5000 0.95 

9 6.0 1.43 3100 1.46 4800 1.49 9000 1.52 13000 1.54 

10 6.0 0.30 1000 0.41 1700 0.48 2100 0 3000 

ll 6.0 a.so 70 0.54 ll5 0.57 200 0.59 320 0 

12 6.0 0.44 270 0.49 470 0.48 860 0.55 2300 0.68 

13 6.0 0.44 190 0.48 330 0.46 700 0.53 2100 0.65 

14 6.0 0.91 llOO 0.95 1600 0.98 2500 1.03 5900 1.12 

15 6.0 1.50 3300 1.57 4800 1.55 7300 1.52 1300 1.65 

t 

yrs 

260( 

57( 

7000( 

1400( 

690( 

1600( 

300 

300( 

800( 

2300( 

94( 

320( 

290( 

790( 

2000( 
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Fig 1. Geometry and boundary conditions for a well. 
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Fig 2. Geometry and boundary conditions for a simplified lake or valley. 
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Fig 3. Geometry and boundary conditions for a sea with shore slope. 
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Fig 4. Geometry and boundary conditions for general 2-dimensional topography. 
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Fig 11. Topography for site F. 
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Fig 12 

Fig 12. Vertical position as a function 
of time. Topology according to 
Fig 5. Depos. depth 500 m. 

0 0 
0 0 
\0 r---
I I 

(/) 

H 
>-, 

0 
0 
0 

If) 

0 
0 
0 

--::t 

0 
0 
0 

("t") 

0 
0 
0 

N 

0 
0 
0 



AKTIEB0LAGET ATOMENERGI 

Sr 90 
K = 6.0 
Case 1 

• -" 

:'.J 

I 

--~ 
Is 

--'~ <: 
0 

__ Ill 0.2_~ -
~ 

' . 
" ,g 

-~ 0 ll 1"' ~ 

-¥~ E 
p. -~qs I I :;; ~ 
1!' ~~ g- H 
'"' ll ,,; 

"" 
"' Ill Os 

(1) 

u 
i::: 
(1j 
.u 
Cll 

"'"" co 
,.-, 

(1j 
.u 
i::: 
0 0 0 N 

"'°" co r---. H 
0 E; 

;:r:: ~ 

AE-RF-77-3264 

1977-09-14 

Fig 13. Horizontal distance as a function 
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Fig 14. Vertical position as a function 
of time. Topology according to 
Fig 5. Depos. depth 500 m. 
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Fig 16. Vertical gradient in a fissure 
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App 1 
1 (3) 

Solution of the Laplace equation for boundary conditions 
at x = 0 and x = - oo 

The Laplace equation in 3-dimensional Cartesian coordinates 
is 

(Al,l) 

The boundary conditions are given in Fig 1. The Greens 
function method [16] is used for the solution. The boundary 
conditions are satisfied by a Fourier integral of the form 

00 00 

ljJ (x,y,z) _l_ r d1:- f G ( ) ( ) 2 s x,y,z,E;,,n ljJ E;,,n,o dn 
4 TT J 

-oo -oo (Al,2) 

where 

00 

ik (E;, - x) 

= I G (x,y,z,E;,,n) X dk e 
X 

-00 

00 

ik (n - y) - z/k~ + k2 

f e y y 
dk 

y (Al,3) 
-00 

By writing 

(Al,4) 

and 

(Al,5) 

The Greens function can be transformed to 

00 

G (x,y,z,E;,,n) = 2 f J
0 

(kr) e-kz k dk (Al,6) 
-00 
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The latter integral can be evaluated as 

z G (x,y,z,s,n) = -----1-(r2 + z2)3 2 

xs Ys 
(see [16]). If x > 2 , y < 2 , set 

x' = x - s, y' = n - y 

The ~-function is then, from Eqs (Al,2) and (Al,7) 

x~s Ys-y 
2 2 

Using the transform 

x' = r cos a, y' = r sin a 

Eq (Al,9) can be written 

where 

X 

so 
s = X -2 

X 

sl 
s = X +2 

Ys 
no = -z- - y 

Ys 
nl = - + y 2 

s/cos a 

I r dr 
(z2 + r2)3/2 

s /cos a 
0 

n /cos a 
0 

I 
s /sin a 

0 

r dr 

( 2 2)3/2 z + r 

+ 

App 1 
2 (3) 

(Al, 7) 

(Al,8) 

(Al,9) 

(Al,10) 

(Al, 11) 

(Al,12) 

(Al, 13) 

(Al,14) 

(Al,15) 
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App 1 
3 (3) 

The integrals can be solved analytically and the final 

solution is given by Eqs (5,4) and (5,5). The corresponding 
solution for 

is obtained by using the variable x'' = s - x in place of x'. 

The 2-dimensional Laplace equation with boundary conditions 

according to Fig 3 can be solved in a quite similar way. 

The Greens function is 

G (x,s,z) =½I e-klzlcos[k(x - s)] dk 

0 

(Al,16) 

By using a Fourier integral over the x-axis the solution for 

negative z-values can be written as 

X -x s 
z Cs + x) 

1/J (x, z) 
1 [! I s 

ds + = zs TTZ 2 s 
1 + (¾) -x 

00 

J ds l 

+ (it J (Al,17) 
xs-x 1 

By integration, the final solution given in Eq (5,14) is 

obtained. 
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App 2 
1 (3) 

Solution of the $-function for boundaries at z = 0 and at 

a finite depth 

Consider firstly the 2-dimensional Laplace equation, 

(A2, 1) 

We seek a solution which has zero z-derivat_ive at z = -z max 
and which can be written as a Fourier integral for z = 0. 

This solution can be written as 

co 
cash [k(z + z)] 

$ (x,z) 
~TT J 

max 
dk = cash (k z ) max 

-co 

co 

I e ik(~ - x) $ (~,O) d~ (A2,2) 
-co 

kz At k =±co the ~-function behaves as e The integral over 

k may therefore be evaluated by contour integration and is 

equal to 2rri times the sum of the residues at all the poles 

of the integrand in the upper or lower half plane, depending 

upon the sign of~ - x. The solution is then for negative z­

values 

$ (x,z) = -

co 1 
1 I r 

rr(n - -) 
z] sin 2 

z z max 
n=l max 

1 ,~ 
- xl] - -) 

2 
2 max $ (~,O) d~ (A2,3) 

0 

With the boundary conditions along the x-axis given by Fig 4, 

the integration over~ is simple but gives different expres­

sions depending upon the value of x. This is because the 

absolute value of~ - x occurs in Eq (A2,3). For x < x2N, 

sums of the following type occur 
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00 

s [ 2 = n 
n=l 
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1 

sin [TT(: - 2) 
max 

z] 

App 2 
2 (3) 

(A2,4) 

For O < z < z this expression can be evaluated ass= rr. 
= max 

Let us now consider the equation for the piezometric head 

with an exponentially decreasing permeability. The diffen­

tial equation can then be written in the form 

·a21jJ 
--+ 
ax2 

One solution of 

where 

ljJP 

k 
0 

= 

32\jJ 
-- + a 
az2 

Eq (A2, 6) 

a z(k - -) 
2 e 

2' 
a 
4 

~ 0 az (A2,5) 

is 

+ ik X 
0 

(A2,6) 

(A2, 7) 

In correspondence with Eq (A2,2), a solution satisfying 

the proper boundary conditions is then 

az 00 

2 

J 
cosh [k(z + z)] 

ljJ 
e max dk rr cosh (k z ) 

max 
-<X> 

00 

J 
ik (~ - x) 

0 
ljJ (~,O) d~ e (A2,8) 

0 

In the contour integration, the branch line is not to be 

crossed and the result can be written in a form similar to 

that for a= 0, namely 

az 
1 00 

2 
[ rrr(n - 2) 

z] ljJ (x, z) e 
= sin z ! z max n=l max 

[TT(n 
1 - -) µnz] 00 2 

r z 

J e 
max 

ljJ (~,O) d~ (A2,9) 

0 
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. 1 
LTT(n - -) 

2 

r a z ]2 1 

max 

App 2 

3 (3) 

(A2,10) 

By evaluating the integral in Eq (A2,10) for the boundary 

conditions given by Fig 4, the result contains slowly con­

vergent sums of the form 

F(z) 

co 

= I n2µn 
n=l 

sin 

1 
rTT(n - 2) z] 
L zmax 

(A2, 11) 

For large n, the terms on the r.h.s. of Eq (A2,ll) approach 
the corresponding terms of Eq (A2,4). The needed number 
of terms in calculating F(z) can therefore be drastically 
decreased by writing 

00 

F(z) = TT - L ¾ ( 1 - t ) 
n=l n 

1 
. rTT(n - 2) Z] 

sin 
L zmax 

(A2,12) 

This is the form used in the MINUTE program. The final 
expression for the w-function is given by Eqs (5,22) to 
(5,24). Its derivates were computed numerically. 
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