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Abstract

The thermoelastic response due to a time-dependent rectangular heat source in a semi-infinite
medium is analysed. The problem originates from studies of nuclear waste repositories in rock.
Canisters containing nuclear waste are deposited over a large rectangular area deep below the
ground surface. An important concern is that dangerous waste from damaged canisters may
eventually reach the biosphere by groundwater moving in cracks and fractures in the rock. The
stress and strain fields are therefore of main interest, since they influence crack formation and
crack widths.

The solution for a time-dependent heat source is obtained from the corresponding instanta-
neous heat source by a Duhamel superposition. The thermoelastic problem for the instantaneous
rectangular heat source in an infinite surrounding is solved exactly. An important step is the
introduction of so called quadrantal heat sources. The solution for the rectangle is obtained
from four quadrantal solutions. The solution for the quadrantal heat source depends on the
three dimensionless coordinates only. Time occurs in the scale factors only.

The condition of zero normal and shear stresses at the ground surface is fulfilled by using a
mirror heat source and a boundary solution. The boundary solution accounts for the residual
normal stress at the ground surface. Using a Hertzian potential, a surprisingly simple solution
is obtained.

The final analytical solution is quite tractable, considering the complexity of the initial
problem. The solution may be used to test numerical models for coupled thermoelastic processes.
It may also be used in more detailed numerical simulations of the process near the heat sources
as boundary conditions to account for the three-dimensional global process.

Sammanfattning

Den termoelastiska responsen pa en tidsberoende rektanguldr virmekdlla i ett halvoindligt
medium analyseras. Problemet hirror fran studier av kdrnbrénslelager i berg. Kapslar med
radioaktivt avfall placeras 6ver en stor rektanguldr area djupt nere under markytan. Farligt
avfall fran skadade kapslar med karnbransle kan potentiellt nd biosfaren med grundvatten som
strommar i sprickor i berget. Tojnings- och spanningsfilten dr darfor av intresse eftersom dessa
paverkar spickbildning och sprickvidd.

Lésningen for en tidsberoende varmekalla erhalls fran motsvarande momentana virmekilla
genom superposition. Det termoelastiska problemet fér en momentan rektangular varmekalla
i en oandlig omgivning l6ses exakt. Ett viktigt steg ir inforandet av en s3 kallad kvadrantvarme-
killa. Losningen f6r rektangeln erhalls fran fyra kvadrantlosningar. Losningen for kvadrantvarme-
kallan beror enbart pa de tre dimensionsldsa koordinaterna. Tiden upptridder enbart i skalfak-
torer.

Villkoret att normal- och skjuvspdnningar r noll vid markytan uppfylls med hjilp av en
spegelvarmekilla och en ’randlésning’. Denna l8sning tar hand om den resterande normal-
spanningen vid markytan. Med hjilp av en Hertzsk potential erhilles en anmarkingsvirt enkel
16sning. '

Den slutliga 16sningen ar férhallandevis hanterlig om man beaktar det ursprungliga prob-
lemets komplexitet. Ldsningen kan anvindas for att testa numeriska modeller av kopplade
termoelastiska processer. Den kan ocksa utnyttjas i mer detaljerade numeriska simuleringar av
férloppet nara varmakallorna som randvillkor fér att fa med den mer globala tredimensionella

processen.



1 Introduction

In the KBS-3 concept, nuclear waste from the Swedish nuclear power plants is put in some six
thousand canisters, which are buried in solid rock at a depth H of 500 m below the ground
surface. See Figure 1, left. The canisters are placed in boreholes below parallel tunnels at a
spacing D of about 6 m. The distance D’ between the tunnels is about 25 m. The nuclear waste
repository consists of canisters in a large, rectangular grid. The total area of the rectangle with
the side lengths 2L and 2B is almost 1 km? (6-25 - 6000 m?). Each canister lies at the center of
a small rectangle with the side lengths D and D’.

HA Opps Oyys 0,,=0 at z=H

____________ 7 tunnel S q(t) (W/m?

2L y
— T QW
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Figure 1: Left: Nuclear waste repository with heat-emitting canisters placed along tunnels.
Right: Thermoelastic problem with a time-dependent rectangular heat source plane. The stress
is zero at the ground surface z = 0.

The canisters emit heat due to radioactive decay in the nuclear waste. The heat sources
from all canisters create a complex three-dimensional, time-dependent temperature field in the
ground in and around the repository. This thermal problem is studied in Claesson, Probert
(Jan. 1996). The local problem around a particular canister is not considered here. On a larger
scale ( above D and D’), there is a rectangular heat source plane:

gt) W/m*> at —L<z<l, -B<y<Bz=0 (1)

The heat emission per canister becomes DD’q(t) (W). The heat emission decreases with time in
a known way. We will use a sum of a few exponentials with different decay times to represent the
function ¢(¢). The emitted heat warms the rock and induces a thermoelastic stress field. The
rock mass serves as a protective barrier against the nuclear waste. In the worst-case scenario,
groundwater may transport nuclear waste all the way from damaged canisters to the biosphere.
Groundwater flow requires an open fracture and crack system. The stress and strain fields are
therefore of main interest, since they influence crack closure, opening, formation and widths.

Thermal stresses and temperature fields are studied in Israelsson (1995). Solutions for point
sources from all canisters are summed directly.

The purpose of this study is to analyse the thermoelastic process in the rock caused by the
rectangular heat source. The process is of interest for different time-scales from the first years
to thousands of years. The behavior in and around the repository region, but also far away from



the canisters, is of interest.
A particular aim for the analytical approach is to gain a physical understanding and the

possibility to quantify particular processes and their interactions.
An exact analytical solution for the time-dependent, three-dimensional process is derived.

The solution, which is not valid in the immediate vicinity of single canisters with their local
complications, is surprisingly simple, considering the complexity of the coupled process.

The solution may be used as boundary conditions in numerical modelling of the local pro-
cesses around a canister. There are not many analytical solutions for more complex coupled
thermo-elastic processes. The presented solution should be a good one to test numerical models.

General references for thermo-elasticity is Boley and Weiner (1960) and Parkus (1959). Gen-
eral formulas used here are taken from the latter reference. The radial problem for a point heat
source may be found in textbooks, for example Timoshenko and Goodier (1970). In our literature
search, we did not find any solution for the rectangular heat source.

This paper deals mainly with derivation of the solution with its various components. The
results will be applied to the KBS-3 case in a second report. The corresponding problem of
the thermoelastic response to a single, finite line heat source is studied in Claesson, Hellstrom

(1995).

2 Mathematical problem

The linearly elastic, isotropic, homogeneous medium is semi-infinite: —c0 < z < 00, —00 < y <
00, —0o < z < H. In the basic case, the thermoelastic stress and strain fields are caused by the
temperature field T(z,y, z,2) of an instantancous heat source. The heat eg (J/m?) is emitted at
t = 0 over a rectangular surface 2 =0, -L <z < L, =B <y < .

The solution for any time-dependent heat source ¢(t) (W/m?) is then obtained by superposi-
tion using a Duhamel integral. See Section 20. We will in particular consider the case when ¢(?)
consists of a sum of exponentially decaying components. The solution for this case is studied in

Section 21.
The displacement field u = (u, v, w) satisfies Navier’s equations, Parkus (1959):

1 2a(1+v)
V(ie) = ———=
-5 T
Here, v (-) is Poisson’s ratio, e (-) the volume expansion and o (1/K) the coefficient of linear
thermal expansion. The strain components are:

du 1(3u+3”) 3)

for T 5 T3 0y ' Oz

The relations between strain and stress are, Parkus (1959):

1
0:31‘:2#(81:1:‘*'1_1/ € Ll T)

Vi(u) + vT e=V-u (2)

2v _1—-21/a

E
Ozy = 2,U5xy N M= m (4)

Here, F denotes Young’s modulus and g the modulus of shear.
The solution (u,&zz,05;...) shall tend to zero at infinity (\/z? + y* — oo or z — —o0). The
stress components at the ground surface z = H are zero:

0,2=0 0,,=0 0,y=0 at z=H (5)



3 Temperature field

The heat e (J/m?) is emitted at ¢t = 0 over the rectangular surface -L < 2 < L, =B < y < B,
z = 0. The total emitted heat becomes 4B Leg (J). The temperature field due to this heat source
involves the two lengths L and B. A similar problem without these lengths is to consider the

heat source:
eo - sign(z) - sign(y) over z=0 at t=0 (6)

The heat eg (J/m?) is emitted in the quadrants ¢ >0,y > 0,z=0and z < 0,y < 0, z =0,
while —eg (J/m?) is emitted in the two other quadrants ¢ > 0,y < 0, z=0and z < 0,y > 0,
z = 0. We will call this heat source distribution a guadrantal heat source. Let T,;(z,y,2,t) be
the temperature field from the quadrantal heat source in infinite space —oo < z,y,2 < oo. This
temperature is superimposed on the undisturbed temperature field in the ground. We have,

Carslaw-Jaeger (1959):

' _ oo , [ 1€0 - Sign(g;/) . sign(y') . _[(z-—x')2+(y—y')2+22]/(4at)
TQ‘E(z? Y, Z’t) - ,/—oo d.’E .[-oo dy pC(47rat)3/2 € (7)

or

€o z Y 1 —22 /(4at
Toix,y,z,t =———-erf<——)~erf< v ) e~/ (4at) 8
W@y ) pc v4dat Vdat/ +4rmat ®
Here, a (m?/s) denotes the thermal diffusivity, p (kg/m?>) the density, ¢ (J/(kg-K)) the specific
heat capacity, and erf(z) the error function:

erf(z) = %/: e~ ds (9)

The temperature field T,i(z, y, 2,t) involves integrals in z and y of the field from point heat
sources. The second-order derivative with respect to z and y gives the field from a point source

at the center (0,0,0). We have:

27
OTyi _ deo 1 . . e~ (F+v7+57 )/ (4at) (10)
0zdy  pc  \[drat
This fact will be used in Section 6.

The temperature field from the rectangular heat source is obtained from superposition of
four quadrantal solutions of the above type. This follows from the identity:

0.5 [sign(z + L) — sign(z — L)] - 0.5[sign(y + B) —sign(y — B)] =

1 Jz|<L and |y|< B : (11)
~ ] 0 outside the rectangle

The first factor in z is equal to +1 for 2| < L and 0 for |z| > L. The other factor has the
same behaviour in y. The product is equal to 41 for |z| < L and |y| < B, and it is 0 elsewhere.
We get four products of the type (&)sign(x & 1) - (£ )sign(y £ B). Each of these corresponds
to a solution T,; with z replaced by z + L and y by y £ B. The temperature field from the
instantaneous rectangular heat source is then:

Treci(z,y,2,8) = 025-[Ty(z+ L,y+ B,2,t) — Toi(z+ L,y — B,2,t,)
— Tyi(z = Lyy+ B,z,t) + Toi(z — L,y — B, z,1)] (12)



Here, T,; is given by (8). The above temperature field can be rewritten in the following more

compact form:

Trec,i(z,y,2,t) = Z Z nzny -Tei(z + ng L,y + ny B, 2,t) (13)

ne==t1ny==1

The summation indices n; and n, assume the values +1 and -1 only.
The solution for any time-varying heat source ¢(¢) over the rectangle is obtained by super-
position as a Duhamel integral, Carslaw-Jaeger (1959) and Subsection 20.1:

/
T(z,y,2,t) = Z Z nxny / o) T,i(z +nyL,y + nyB,z,t —t')dt’ (14)
nz=i1 ny=:tl

The factor eg cancels in the above formula, since ¢,; is proportional to eo.

The essential problem to solve is the thermoelastic response to the quadrantal temperature
field T,i(z,y, z,t). The response for the rectangular heat source is obtained by superposition of
four solutions with z replaced by z &+ L and y by y + B as in Eq. (13). The solution for any ¢(t)
is then obtained by a Duhamel integral as in Eq. (14).

4 Displacement potential for infinite space

We first consider the problem for infinite space (—oo < z < o) without the boundary conditions
(5) at the ground surface z = H. A second solution to account for the boundary is studied in

Section 12 and onwards.
A few thermoelastic problems may be solved by use of a single displacement potential

®(z,v,2,t) (m?), Parkus (1959):
u=Ve . (15)

This is an equation of Poisson’s type. Navier’s equation (2) is satisfied if ¢ is a solution of
14v
Ve = T 16
1- ua (16)
The temperature field is considered at any time ¢ > 0, so ®(z,y,z,!{) depends on the spacial

coordinates with ¢ as a parameter.
Eq. (16) is to be solved for T’ = Tqi. The displacement potential is the solution of:

) o= (4at) (17)

e vt () (G

The temperature T,; on the right hand side is antisymmetric in z and y. We will choose a
particular solution which is odd in z and in y.

The introduction of the quadrantal heat source is a crucial step to facilitate the analysis.
The lengths L and B do not occur in the quadrantal problem. The problem (for infinite space)
involves the spacial coordinates only. The time ¢ occurs as the factor Vdat. We will see in the
dimensionless formulation in the next section that time only occurs as a scale factor. The basic
quadrantal solution depends on the three dimensionless coordinates only.

The spacial derivatives of ®(z,y, 2,t) give the three displacement components:

09 0% 0P ‘

The second-order derivatives give the strain components, Eq. (3):

Ve =




_ e Pe i

ez = 7 fwT Gz ST G2

_ 0*® 9% A 19
foy = dzdy 22 7 5287 ‘vz = oz (19)

The volume expansion is given by the Laplacian of &®:

% 0%  0°¢
— 2P —
e=Ve= o5t 5a T om (20)

The stress components are given by the following simple expressions, Parkus 1959:

8%® 2 0%
Ore = 20 (W—v (D) Oy —Zuaxay

*® 2 %
Oyy = 2 (—— -V <I>> Ozz = Qum—

Oy?
%, ke

5 Dimensionless formulation

The length v/4at is a measure of the thermal influence range from the heat source at time i.
This length, which is the only one occurring in the problem (17) except for the coordinates z, y
and z, is used for the dimensionless coordinates:

' z / Y 2z
r = = — = —
v4at y vdat v4at
The dimensionless gradient and Laplace operators become:
1 1 2
v Vi= —(V 23
v 1z V) (23)
The displacement potential ® satisfies Eq. (17). Inserting the dimensionless Laplace operator,
we get:

/
z

(22)

V =

1 1 1

. (v/)Z & — + v e T, (o, 2) (24)
4at

Here, we have introduced the dimensionless temperature Ty:

T, (z',y',2") = /7 -erf(z’) - erf(y) - e (25)

All quantities with index ¢ refer to the antisymmetric quadrantal temperature field of Eq. (25).
They are dimensionless and depend only on the dimensionless coordinates z’, y’ and z’. The

original temperature Ty;, Eq. (8), is:

Thi(z,y,2,t) = o 1 T, (z',y,7) (26)

Tpc +/4dat .

A dimensionless displacement potential is defined by:
&(z,y,2,t) = upVdat - &, (z',y', 2) (27)

Here, ug (m) is defined by:



Lty e (28)

o= l—v =pc
Then from Egs. (24), (27) and (28), ®,(2’, 9, 2") shall satisfy:
(V)8 =T, (29)

Here, T,(z',y’,2') is given by Eq. (25).
The displacement vector u becomes, Eqs. (15), (23) and (27):

u= @V (u0v4at . <I>q) = 1 Uy (30)

The constant ug, Eq. (28), is the scale factor for the displacement. The components of the
dimensionless displacement u, are:

0P 0 0%
q g 9 — g 9 — g
v v YT B (31)
(The index ¢ is placed in the upper position for all components of displacement, stress and
strain.)
The strain components become, Egs. (19), (22) and (27):
= 40 =0 L (32)

13 £ £ = —
= Vdat " i Vdat "

The scale factor for strain becomes ug/+v/4at. The dimensionless strain components, all with an
upper index q, are given by second-order derivatives of @,:

. - %%, _ 0% (33)

€z 3(z')? Coy = 920y’
The stress components become, Eqgs. (20-21):

Po Lo 5 (34)

Ogx = .ol Opy =
=7 Vet T T Vdat Y

The scale factor for stress is pg/v/4at. The constant pg (Pa-m) is, Eq. (28):

F e (35)

=1—u'§r}52

=2 - .
Do Hlo 5o Ug

The dimensionless stress components are given by:

9%d 9%d
9 = _— 3 _ "2 7 = g
ol = 3(z)? (V'*e, ol 523y (36)

6 Calculation of displacement potential
P p
The dimensionless displacement potential ®,(z’,y,2') is the solution of Eqgs. (29) and (25):
(VY®, = /7 -erf(z’) - erl(y) - o~V (37)
In order to obtain a solution, the derivatives with respect to z’ and to y’ are performed, Eq. (10):

82@ 2 n2 2 N2 "2 ' 4 n2
12 7| = R €2 AP ol 7 RENPR €25 LIS ()
(V) {89:’81/} Ve e e e N (38)




Here, ' is the radial distance. The right-hand side depends on 7’ only. The Laplace operator
with radial variation only gives:

1 d2 7 82@,; 4 ___(7.1)2 -
v d(r)? {’ 00y | T Ur (39)
Two integrations in r’ give:
%9, erf(r’) Al
— + A+ =L
ar'dy’ ot (40)

The solution is regular at ' = 0. This means that A; = 0, since erf(’)/r’ is regular at ' = 0.
The constant Ag is put to zero. We had the requirement that @, is odd in 2z’ and in ¥/,
which means that @, is zero for 2’ = 0 and y’ = 0. Then we get by integration in z’ and in '

the following solution:

erf (zu)z F W+ (7)2
2= [ [ 4y ) (41)
\/(:r//)z + (y//)2 + (z’)2
This is our basic solution for the problem in infinite space. The strain and stress components

are obtained from second-order derivatives, Egs. (33) and (36).
The double-integral (41) for ®, may be written in a quite different form. The factor erf(...)

is given by an integral in s from 0 to f = /(") + (¥")? + (?')?, Eq. (9). The substitution
s = s'f is made. The factor f cancels. Integrations in z” and in y” are readily performed. The
following alternative expression for @, is obtained:

\/_/’ erf(z s) erf(y S) —(")2s% g (42)

q(x ?y z
Here, ®, is given by a single integral. The integrand is regular at s = 0, since erf(p) is propor-
tional to p near p = 0.
7 Displacement field

The dimensionless displacement field u, is obtained by the first-order derivatives of @,(z’,7’, 2').
From Eq. (41), we get:

o /oy ot (VETF T ET) dy"” (43)

wd =

R V(') + (y")? + (')
' erf \/ .’17”)2 + y/ 2 + (2 2
0% (VA ) <))hﬂ "
33/’ o \/(z//)z + (yl)2 + (z')2
The expression for w? involves a double-integral. These integrals have to be evaluated numeri-

cally.
Alternative expressions are obtained from derivatives of Eq. (42):

ul = / Perf(y's)  —[@2+(:)) g
0

S

ol = _ /1 erf(x's) ) C—[(y’)2+(z’)2}32dﬁ
0

S



1
wi = \/7?2:'/ erf(z's) - erf(y's) - e~ P ds (45)
0
The dimensionless displacement u, multiplied by ug gives the real displacement u, Eq. (30).
We have after the substitution s/v/4at = s’ in the integrals above:

/1/\/:{“7 erf(ys) o (P=v7)s g
s

uqi(x, ¥, 2,1) = —ug

1/V4at erf(zs) o= (r2=22)5? 4.
s

vqi(z,y,z,t) = ——uo/
0

: 1/v/4at 2.2
w¥(z,y,2,t) = uoﬁz/ erf(zs) -erf(ys)-e * % ds (46)
0

The index gi is introduced to denote the instantancous gquadrantal solution for an infinite
medium. The integrals are quite simple to evaluate numerically.

8 Second-order derivatives

The stress and strain fields are given by the second-order derivatives of ®,(z’,y’,2’). We have:

82®q _ 1 z”y’ ’ 7 _(1")2-(z’)2 erf(yl)
B(x/)z“p‘m[erf(r)_re ) ¢ ]
2 1,1 . )
38(5)(1"2 - ;17@7)%;,)—2 {erf(r’) — e W)=, &‘};’i_)}
8(zl)2 - 9 8(27')2 3(3/’)2
2?9, 1 ,
920y -erf(r")
2 /.7 )
% B —17 . (ﬁ? [erf(r/) — ple= (@)= erf(,y )}
T'oz I8 2 ”
9% 1 z's s (2 erf(z’)
T = 2 s [otte = et ) -

The first formula for the second-order derivative with respect to z’ is obtained from Eq. (43)
or (45). A partial integration has to be performed in order to remove the integral. The second
formula is obtained in the same way. The second-order derivative with respect to 2’ is more
difficult. Therefore, Eq. (29) is used. The fourth formula is obtained immediately from Eq. (41).
The fifth formula is obtained from Eq. (44) or Eq. (45). Here, a partial integration is again
necessary. The last formula is obtained in the same way.

The same factor occurs in the brackets of the second and sixth formula of (47). It is a
function of ' and 7
erf(z’)

Az’ r") = erf(r') — re= ('Y= )] ; ()P = (" =)+ () (48)

z

The expression within brackets in the first and fifth formula of (47) is equal to A’(y',7’).
From Egs. (33), (36), (29), (47) and (48), the dimensionless strain and stress components

are:



1 17,3/ o1
€1, =05, + Ty = P (') + (2')2 Ay, )
PN B T
yy T Ty 97 p (y/)z + (21)2 '

xlyl A/(y/’ 7'/) A/(I/, TI)

e, =0+ T3 =T - o [(I/)z +(2')? + (y')? + (z/)z]
9 —g9 = 1 f(r'
5.7:y =0y = —p~er (T)
E:ch —gl = _1_ . y’z/ -A’(y',T/)

=TV @AY

1 'y
EZz = UZz = p : (y/)z T (z')2 : A/(II’TI) (49)

Here, T, is given by (25) and A’ by (48).

9 Strain field

The real components of the strain field are obtained from the dimensionless expressions above,
Egs. (49), by insertion of the real coordinates z = v/4at -z’ etc., Eq. (22), and multiplication by
the scale factor ug/v4at, Eq. (32). We get:

e = 2 Al ) sggzyf-ﬁ?-A(z,r,t)

cti = T o Tyfa, )~ 2 [ A+ o Ale )|
Egi:%-;%-A(y,r,t) sgngi—"-yzfzz-A(x,r,t)
ei;:—ﬁo—-erf<\/;‘nm> uy = 1fz-% (50)

The upper index g: refers to the quadrantal solution in an infinitec medium. The temperature
field T); is defined by Eq. (26) or (8). The auxiliary function A is given by, Eq. (48):

Alp,r,t) = A'(p',r) = A/ (\/;;a— \/4—a‘>

T (r2—p2 erf(p/+v/4at)
= erf — .o (FP-p?)/(at) ZIOPIVET) =z, 51
er ( Tat) T-e ” p==z,Y (51)

10 Stress field

The components of the real stress field are obtained from the dimensionless equations (49) by
multiplication with the scale factor po/v4at, (35):

. po Ty Eo
oh= T e A - T T
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;, _DPo Ty Fo
W= e Amnd ooy Telne sy

Ty

i __ Do Ty
ng_ _7[$2+22 ‘A(y,T,t)+'1/2—+—;§"A(23,T,t)
ot =0 YAt o =B A

rz r z24 22 v y? 422

s B =L a2 (52)

9 — _ 20 orf - cug =
Tzy T o <\/4at> po 14+v to 1-v mpc

The functions 4 and Ty; are defined Egs. (51) and (8).
The above formulas in Sections by 9 and 10 give the complete analytical solution for the strain
and stress fields caused by the instantaneous quadrantal heat source (6) with the temperature

(8) in infinite space.

11 Far-field

The behaviour far away from the heat source plane z = 0 is of particular interest. Inserting
Zz’ > 1in Eq. (41), we have:

erf( ...+(z’)2> ~1 ()

II yl' 1
i ) [ [
=g W T R O

The limit 2’ > 2 is sufficient in our application, since erf(2)=0.995. The higher limit 2’ > 3
will always be an extremely good approximation, since erf(3)=0.99998.
The double integral may (with some difficulty) be evaluated analytically. The result is:

’ ! / s ' I 1,0
S (z',y, )~ — [—a;—ln <T ty > + %ln (:’ji’> — 2’ - arctan (ji)}

(53)

-y
P @R EE?E () (54)
In real coordinates, we get from (27):
T T+ Yy Y r+z Ty
&(z,y,2) ~ —up [2 In (r—y) +§1n (r—z) z - arctan (-;;)] (55)

The expression for the far-field potential satisfies Laplace equation Ve = 0.
The first-order derivatives give the displacement components:

ud ~ —@ln (T + y) v? ~ -—1%01n (T + x) w9 =~ ug - arctan (ﬁ>

2 r—y r—z zr

r =122+ y? + 22 (' = —zat > 2) (56)

It should be noted that the far-field does not depend on time. The total amount of heat, and
hence the total thermal expansion, is constant for ¢ > 0. The far-field remains the same as long
as the temperature field is concentrated to a limited region around z = 0.




The above far-field displacements may be obtained directly from the integrals (46). We let
t tend to zero. Then for any z # 0, |2’| = |2|/v/4at > 1. The upper limit in the integrals (46)
tends to infinity: 1/v/4at — oo. We have from (46) and (56):

[CHE) L (122) e,
0 K

8 T—0p

had 2242 zy
\/;z/ erf(zs) - erf(ys) - e ds = arctan (—) (z#£0) (57)
0 zT
The first integral is given in Gradstein, Ryzhik (1981, p.650). The second one may be found in

Prudnikov et. al. (vol. II, p. 123), which is a huge table of integrals.
The strain and stress fields become for large 2':

5qi~@._@_ gi o, Y0 _ Y

Tz = U2 2 S

el ~ _W rYy zYy %~ _%

R P R AR

T L (2 > 2) (58)
r 24z royd 42

oti o~ PO _TY gi o, PO _TY

N w2 g2

aqiN_EQ[ Y Ty ot~ PO

T e 22422 Y2422 Ty

; 0 yz 1 Po Tz

YR A e N L (' > 2) (59)
r 24z r Y2422

The strain and stress fields are, except for the scale factors ug and po, identical, since the
temperature T,; and the volume expansion ¢ are put to zero in the far-field approximation.

The above expressions for the strain and stress far-ficlds may be obtained by direct deriva-
tions of the displacement, Eqs.(56) and (18-21). They may also be obtained from the general
expressions (50) and (52) as limits for large z’. We have:

Z>2: r>2  erf(r)~1 e GV~
Insertion in (51) and (8) gives:
A(z,r,t) = A'(z", 7Y~ 1 Aly,r,t) = Ay, 7 )~ 1 Tyi(z,y,2,t) =0 (60)

12 Correction for semi-infinite space

The problem studied this far concerns infinite space —co < z < co. The boundary conditions
at the ground surface z = H are not accounted for. The three stress components 0., 0., and

0., must be zero at the free ground surface, Eq. (5).
The temperature T from the rectangular heat source is superimposed onto the undisturbed

ground temperature. The boundary condition for the temperature at the ground surface z = H
is that the temperature is zero:

T(z,y,H,t)=0 (61)
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This boundary condition for the temperature is readily satisfied by the introduction of a mirror
heat source with opposite sign at z = 2H. We get two quadrantal heat sources, and Eq. (6) is

replaced by:
eo - sign(z) -sign(y) over z=0 at (=0
— eo -sign(z) -sign(y) over z=2H at t=0 (62)

A solution to Navier’s equations (2) for the temperature T = Tyi(z,y,2,t) — Tpi(z,y,2 — 2H,1)
is obtained by subtracting from the above quadrantal solution the solution with z replaced
by z — 2H. This solution for the quadrantal heat source and the negative mirror source does
not satisfy the boundary conditions (5). The exact values for o.;, 0z, and oy, at z = H
for the combined solution are given by Egs. (244)-(246) in Appendix 1. The normal stress
at the boundary z = H becomes zero, since the problem with the two quadrantal sources is
antisymmetric with respect to the plane z = H. The two shear stresses, Eqs. (245)-(246), vary
with z and y. They also depend on time ¢ through the factor A’. The time-dependence vanishes
when the far-field approximation is used (A’ ~ 1, Eq. (60)).

We now make the major assumption that the far-field approzimation may be used at the
ground surface. We have seen in Scction Il that this assumption is valid with good accuracy
when the distance H is large compared to the so-called thermal range (which may be defined as

V4at):
H > 2 -V4at (63)

The negative mirror heat source gave the remaining boundary-value problem of Appendix
1. The normal stress at the boundary z = H is zero. The two shear stresses are prescribed
and equal to the negative values of Eqs. (245)-(246) so that the total solution has zero stresses
at z = H, Eq. (4). In the far-field approximation, Eq. (63), the boundary values become
time-independent.

The remaining problem is to solve Navier’s equations (2) (without the temperature term,
that is T = 0) for the prescribed shear stresses and zero normal stress in a semi-infinite medium.
The corresponding problem for prescribed normal stress and zero shear stresses has been solved
by Hertz; see Love (1927). The solution involves certain integrals of the prescribed normal stress.
See Section 15. In order to be able to use this solution technique, we use a quadrantal mirror
heat source of equal sign instead of one with opposite sign. We have instead of (62) the following

quadrantal heat sources:
eo - sign(z) - sign(y) over z=0 at (=0

eo - sign(z) -sign(y) over z=2/ at (=0 (64)

The solution for the quadrantal mirror heat source is given by the quadrantal solution of the
preceding sections with 2z replaced by z —2H. The two shear stresses for the sum of the original
solution and the mirror solution are zero at the ground surface due to symmetry, while the

normal stress o,, is nonzero at z = H.
The solution will now consist of three parts:

1. The basic quadrantal solution for infinite space
2. The solution from an equal mirror heat source at z = 2H

3. The solution to account for the remaining normal stress distribution at z = H

13



The quadrantal solution for the infinite medium is given above. The mirror solution is given
in next section. The remaining problem to determine the response in the semi-infinite space
—00 < z < H for our specific normal stress distribution at z = H is dealt with in Section 14
and onwards. This third part will be called the boundary solution.

The above solution with its three parts is based on the assumption (63). With this assump-
tion, we get a time-independent boundary value problem for the third part. The assumption
also. means that the temperature field from the heat source at 2 = 0 has not reached the ground
surface z = H. Likewise, the temperature field from the mirror heat source at z = 2H, intro-
duced below and in the next section, has not reached the ground surface z = H. This follows

from 2z’ = H/v/4at > 2 and:
erf(2) = 0.995 ~ 1 exp(—2%) = 0.018 ~ 0 (65)

The assumption (63) implies that the temperature at the ground surface in approximately zero
so that the boundary condition for the temperature, Eq. (61), is satisfied.

The solution for the two quadrantal solutions (64) involves another approximation, since
the temperature term in Navier’s equations is not the exact one. Instead of the exact T =
Tyi(z,y,2,t) — Tgi(z,y,2 — 2H,t), we use T = Ty(z,y,2,t) + Toi(z,y,2 — 2H,t). But the
temperature Tyi(z,y,z — 2H,t) from the mirror source is negligible for 2 < H in the far-field
approximation (63).

The main assumption (63) that the far-ficld approximation can be used, puts restrictions on
t, to ensure that the solution is valid:

H H?
\/ZEZ>2 = t<16a (66)
The solution is valid in the whole region (—o0 < z < H) when t satisfies this condition. The
solution at the repository level is valid during a longer time period since the error occurs slowly
at 2 = H. A reasonable criterion for the validity of the solution at the repository level z = 0
(and downwards) is:

2H H?
>2 & i< - 67
V4at 4a (67)
It will take four times longer for the disturbance to reach the repository level than the ground
surface. The solution will be totally incorrect for much larger times.
As an example we consider the following case with data from the KBS-3 repository:

5002
16-1.62-10-6

The temperature field reaches the ground surface after 300 years for /I = 500 m. A typical value
of the thermal diffusivity a for granite is chosen. The solution derived under this assumption
will at least be valid for the first 300 years. At the repository level (z = 0) it will roughly take
1200 years or more, before the error due to the far-field approximation becomes noticeable. The
solution is not valid for much larger times (~10,000).

The three components give the total solution for the instantaneous quadrantal heat source,
Eq. (6), in the semi-infinite space —o00 < z < H. From this, the solution for the time-dependent
heat emission at z = 0 is obtained by superposition as an integral in time. Finally, the solution
for the rectangular heat source over —L < z < [, =B < y < B at z = 0 is obtained by
superposition in accordance with Eq. (12). The solution with its three parts is taken for z and
y replaced by z + L and y £ B, respectively.

H=500m a=162-10"°m?/s = (< s ~ 300 years (68)
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13 Solution for mirror heat source

We seek the solution for the mirror quadrantal heat source at z = 2/:
eo - sign(z) -sign(y) over z =2/ at (=0 (69)

The mirror solution is obtained by substituling z with 2 — 2 in the above solution. The mirror
solution is used in the region z < H or |z — 2H| > H. Then by assumption (63) we have:
|z — 2H| H
> > 2 70
V4at Vdat (70)

This means that we may use the far-field expressions of Section 11.
The components of the displacement become from Eq. (56):

m_ uo1 <rm+y> m uol (rm+z>
u" = 5 n v =3 n

Tm — Y T™m — &
w™ = ug - arctan (F%%ﬁ;) (71)

The index m is used to denote the solution for the mirror quadrantal heat source. The length
7., is the distance to the center of the mirror heat source:

rm:\/:c2+y2+(z—2]1)2 (72)
The strain field is obtained from (58) by replacing r by r,,, and z by z — 2H:
em = Up zy m _ Mo Ty
T o z24 (22— 20)2 W e oyt (2 - 200)2
U z T u
EZ:“"_O[z . 2t 2 . 2] Eglyz__o
Tm L22+(2—2H)?  y?2 4 (z-2H) Tm
m Yo y(z — 2H) up z(z — 2H)
= 2. m_ Yo TFZAT) 73
Caz Tm 24 (z—2H)? Evz Tm Y24+ (2—2H)? (73)

The stress field is obtained by the same substitutions in Eqgs. (59). It differs from the strain
field by the factor pg/up only:
o™ Po Ty m Po Yy

= 1 (= 2H)? Uyy“;:'yz_*_(z_z”)z

Um:_gl[ zy n zy ] o™ = _Po
o 2?4+ (2-2H)?  yP+(2-2H)] T
om = Po_y(z—2H) m_ Po z(z2—2H) (74)

22" p a4 (z- 2H)? U"'Z_a.yz—{—(z—QH)2

14 Conditions for boundary solution

The stress field for the quadrantal heat source in an infinite medium is given by Egs. (52). At
the ground surface z = H, the far-field expressions (59) may be used. The stress field from the
mirror source is given by Eqs. (74). The sum of the two shear stresses at the ground surface are

certainly zero:

z=H: 0z, =0 Oy =0 (r=rm) (75)



The normal stress ¢,, at z = I from these two parts becomes:

2po ( Ty zy >
— + — 76
ToH $2+//2 y1+112 ( )

rog =\/z2 +y2 + H? (77)

The two contributions for z = H and z — 2H = — H are equal, so there is a factor 2 before pg.
The third part, the boundary solution, shall balance the above normal stress. We get the

boundary condition:

ol (x,y, H,t) = s - oh(z,y, 1) (78)

Uzz(xavaat) = -

The index b refers to the boundary solution. Here, we have introduced a dimensionless function
o} and a new constant oy (Pa) associated with the normal boundary stress:

— @2 E . 2ug (79)

=g T15, H

The normal stress at z = H is determined by the dimensionless normal stress oj:

H Ty zy )
I —
oo H) = <z (it (s0)

This dimensionless function depends on z// and y/I{ only. It is shown in Fig. 2. The function
is odd in z and in y just as Ty, Eq. (8), and it has a maximum in the first (and third) quadrant:

-1
Oh maz = _\/5___ =0.601 for z/H =y/H =/ \/5_2+ L 1.272 (81)
Vv5+2 :

3

-3
-3

Figure 2. Dimensionless normal stress o}(z,y, /I ) for the boundary solution, Eq. (80).

In Section 6, we used the second-order derivative with respect to z and y. The problem is
reduced to that of a point heat source at z = y = z = 0. This derivative of o}(z,y, H), Eq. (80),

becomes:
0%a! H 3H3
3z5;=-_3-'+"5_ roir = \/2? +y* + H? (82)

Tow  ToH
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This relation will be used in Section 16.
Let us summarize the conditions for the boundary solution to correct for the boundary

conditions at the ground surface. The displacement u, shall satisfy Navier’s equation (2) in the
half-space —o0 < z < H without the temperature terms:

1
1_2VV(65)=0 er, = V- uy (~OO<Z<]{) (83)

The boundary conditions for the boundary correction solution at z = H are:

V2 (ub) +

aiz(x,y,]{) =0 azz(z,y,H) =0 ot (z,y,H)= 0w 04(z,y,H) (84)

We will solve this semi-infinite problem for the half-space 0 < z < oo and not for —co <
z < H. The new displacement uy satisfies Navier’s equation (2) in the half-space 0 < z < o
without the temperature terms:

1
V? (o) + 5, V() =0 ep=V-uwo (0<z<00) (85)
The boundary conditions for the boundary correction solution at z = 0 are:
022(2,4,0) =0 0,2(2,4,0) = 0 02(z,y,0) = v - o4(2, 9, H) (86)

The final boundary solution (index b) is obtained by replacing z by H — z in all formulas for
the boundary solution (index 40):

z— H -2 (87)
The direction of the z-axis is reversed. The displacement w changes its sign:
w'(z,y,2) = —w(z,y, H — 2) (88)

The shear strains €., and €,, and the shear stresses o,., and o, involving the z-coordinate are
changed in the same way. We have for example:

ng(.’t,y,Z) = 2:2(177?/7}1 - z) (89)

15 General formulas for semi-infinite space

General formulas for the solution in the semi-infinite space 0 < z < 00, with a prescribed normal
stress and zero shear stress at z = 0, have been derived by Hertz and others, Love (1927).
The solution is obtained from the following potential due to Hertz:

x=5= [ " [ ayonn(a,y,0) 1n (z+\/<x"—-x)2+(y~~y)2+z2) 220 (%)
—00

:27r —o

The three components of the displacement are given by:

1 [ 6%x dx |

u = % _2———83:82 +(1- 21/)5;-

1 [ 8%y dx |

v= 5; _zayﬁz + (1 —21/)(9_11_
1] 9% dx
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The stress and strain components are then obtained from Eqs. (3) and (4) (putting T = 0).
The strain components are given by:

1 Fx 0%y ! Fx 82X
rr = 5 I —20)—= Eyy = — | 2 - — a2
¢ 24 {zaﬂaz o ”)axz W o | 0y20z +(1-2) dy?
1| & 9%x 1 3x 0*x
2z - — —_— — 1 - 2 T~ el = 1 - 2
¢ 2u {Z 023 ( v) 5.2 | o 2u zaxayaz + V)Bx(?y
1 & 1 &
Exz = —_Z—K— ayz = —2Z X (92)
2u" 01022 2u Oydz?
The volume expansion is:
1 0%y '
Here, we have used the fact that x satisfies Laplace equation:
Vix =0 (94)

This follows from the fact that In(z + r) satisfies Laplace equation. The potential x is just a

superposition of this type of logarithmic solutions, Eq. (90).
The strain components are given by the formulas (4) with T = 0:

asX 02X . 82 Y (f)3X ({)QX 32X
Oz = 25229, + oz o oy Twv = Zi)yzﬁz + Jy? +2w Ox?
Fx 0% *x 0%*x
22 = — e — = ] - 2 _
7 ‘88 9z2 Tay z&‘z(‘?yi)z +( v) 0zdy
3 3
Opz = 2 Ox X (95)

02022 Oy = zayazz

16 Calculation of Hertz’ potential y

We have to calculate Hertz’ potential x, Eq. (90), with o,,(z”,y”,0) given by Eq. (78):

1 (o o) lo e}
x(z,y,2) = -2;/ dz”/ dy" oy - op(2”,y", H) - In(z + 7)

=2 = o)+ (3 - )2 + 22 - (96)

Here, o} is given by Eq. (80):
H x”y” x//y” )
I ——
MV EO Y O ((:If”)" Tzt ("2 + 112 (97)

The double integral is difficult to evaluate.
We first make the variable transformations @« = 2" — z and § = y"” — y. Then we take the

derivatives with respect to z and to y. We derive o)(a + z,6 + y). Using Eq. (82) we get:

2 oo 0o 2
0°x _UboH/ da/ dﬂ(ig___ l)ln(z‘f' /a2+ﬁ2+22>
—oo —o0 T

- 3
0z 0y 27 o8 Tag
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rag = \J(a+ )2+ (B+y)? + I - (98)

The factor involving r,p in the integral may be written as a partial derivative with respect to
H (with a + z and 8 + y kept fixed):

0 H 1 3H? ‘
o () - )
So we have:
2 o o0 o + ﬂZ + 22
ig(_ = —opH - ...C?_ .LI_/ da/ dﬂ ( ) 5 (100)
O0zdy OH |27 Joo —o  Jatz2?2+ B+ v+ H?

The above double integral occurs in solutions of Laplace equations for the semi-infinite space
(z > 0). Consider the following potential problem for V(z,y,z) in z > 0:

VIV =0 2>0
{ V(z,y,0) prescribed (101)

The general solution is given by the theory of Green lunctions:

REN V(a.8,0)
Vera =g [ L e .

This integral is of the type within the brackets in Eq. (100), if z is replaced by H and V(a,3,0)

is given by In (zl + /o2 + (%2 + zlz) with 27 = 2.

Now, In(z + r) satisfies Laplace equation:

Vin(z+7)] =0 r=+/22+y2+ 22 (103)

We may replace z by z + z;. Let V be given by

V(z,y,z)=1In <z+21 +\/z2+:e/2+(z+ 21)2> (104)

Then we have:

i. ViV =0 (105)

ii. V(z,y9,0)=1In (zl +y/z2+y? + zf) (106)

Thus, we have from formula (102):

- o 1 +4/ 24524 22
In (z+z1+ $2+y2+(z+zl)2) = gi,r/_ooda/_oodﬁ\;(cgzzx)?:(ﬁ—y)::Z? (107)

This double integral is identical to the integral in Eq. (100) after the following substitutions

z2—H z1—2 2> -2 y— —y. (108)
Thus we have:

0% .9 2 2 2

520y ~opH - 377 [!n (1] +z+ \/(—r) +(=y)?+ I+ 2) >] (109)
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After derivation with respect to H, we have the remarkably simple formula:
0%y 1
A — o H - 110
dzoy Y ST (H 120 (110)
The potential x is odd in z and in y, and hence zero on the axis z = 0 and y = 0. This

follows from Eq. (90) and the fact that o} is odd in z and in y, Eq. (80). It is obtained from
the integral of Eq. (110) from z = 0 and y = 0:

z y 1

= —awfl [ da" ["ay" 111

Xl f g TR R (o )

This double integral has already been evaluated in Section 11. The result becomes, Eqs. (53-54):

z rH+Y Y <7‘H + :1:) ( zy >}

= 0 |odn (L) 2 (12 - tan [ — 2 2

X 2po [2111 (rH—y>+21n R— (z + H)arctan Gt Hm (112)
where

Y = e a9

The factor owH is equal to 2pg, Eq. (79).

17 Derivatives of x

The boundary solution is obtained from derivatives of x, Egs. (91), (92) and (95). The Hertzian
potential y is given by Eq. (112). It depends on the spacial coordinates z, y and z, but it is

independent of time ¢. The distance ry is defined by Eq. (113).
The first-order derivatives of x(z,y, z), Eq. (112), become in the same way as in Eqs.(55-56):

é"z:_po,ln<m+y> a_x:_po.ln(m“) (114)
Oz A TH— Y dy TH — T

9X _ 9py - arctan (—”y-——> (115)
0z Po-ar (z+ H)ru

The second-order derivatives of x(z,y, 2) become:

g% = 2P0 % (x? + <Zy+ 1)? Ty (Zy+ H)2) (117)
afgy =20 oo (118)

The sum of the three first second-order derivatives is zero, which verifies that x satisfies Laplace
equation: VZy = 0.
We need the following third-order derivatives of x(z,y,2):
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83y 2+ H
0z0ydz 2po- T3 (121)

Fx . 24+ H zyY (L_{_ 2 ) (122)

02292 rg 2t (e IDE\rh T e 4 (+ H)?
&y z+ H zy 1 2
a0, = P ' =+ 5T hve 123
9y*0z P VP GrHE\G T G AR (123)
*x ¥ 1 o[ 1 92
3:5622—2170-;1-.—-——————————:[2_{_(2_*_[{)2 1-(z+H) %-—}—m (124)

x z 1 21 2
Byazz—on-E-y2+(z+H)2 (1"(Z+H) <E+m)) (125) ’

— p. ny ..]_.{_; +
dz3 |2+ (z+ U \r}, 22+ (z+ H)?

Ty 1 2
+—————— | —————— 126
v+ (z+ H)? (T%I y2+(z+H)2>} (126)
It is easy to verify that gaz—VQX =0.

18 Boundary solution

The boundary solution in the region z > 0 is obtained by insertion of the derivatives of x
in Egs. (91), (92) and (95). The obtained expressions for all displacement, strain and stress
components are given in Appendix 2. This boundary solution for the region z > 0 has the index
b0.

The final boundary solution for the region z < H is obtained by the substitution (87), where
zis replaced by H — 2. The changes (88) and (89) must also be performed. We have for example:

ub(:z:,y,z) = ubo(.’r,y,H - 2) wb(:z,y,z) = —wbo(x,y, H - z) (127)

The radius rg, Eq. (113), becomes cqual to r,,, Ilq. (72):

rElimtos = 22+ g2+ (H — 24 )2 = \J22 +y2 + (20 — 2)2 = 1 (128)

To simplify the solution two commonly occurring denominators will be replaced by D, and D,
(m?). The two denominators are:

D,=2>+(2H -2)> D,=y*+(2H ~2)? (129)
The three displacement components become from Eqs. (247-249):
H—-z y2H -2) | -2v <7'm +y ]
b _ . -
u’ = 2ug [ o D 5 In — y) (130)
- H — — -
o = 2ug [H z (2 z) | Zl/hl(r +z)} (131)
T D, 2 T — I
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H—2z[zy Ty ,
bo_ - . A—
w’ = 2ug [ — (Dz + Dy) + 2(1 — v)arctan ((2}{ — z)r,,)} (132)
The strain field becomes from Eqgs. (250-255):
1
b = 2u- —- Zy [1 —2v— (I - 2)(21 - z) (;—é— 52—” (133)
bo_ 7y 1 2
5yy—2u0';’-bz 1—21/—(1]—2)(21[—2) ;‘2—-*-5; (134)
1 1 2
5”22%._[%(1_2”( —z)(2H—z)<T2 D—))+
+3Y 1—2v+(H -2)(2H -2 —1—4—i (135)
D, rh Dy
H - z)(2H —
ehy = 2uo- — [( zl(g 2t 21/] (136)
1 H - 1 2
62.2 = —2up - ’l"_ . y(—D—f—)' <l - (211 - 2’)2 (;‘—2- -+ —5-'>> (137)
1 z(H-2) 1 2
b 2
= —2ug - 1-(2H - — 4 — 138
Eyz Ug o Dy ( ( Z) (7'7271 + Dy)) ( )
The stress field becomes from Eqgs. (256-259):
_ 1 |zy 1 2 Ty
1 jzy 1 2 Ty
b __ i Bk _ _ 'y . = ek
Oyy = 2P0 -~ [Dy <1 (H —2)(2H - z) (r?n + Dy>> + QVD.’E] (140)
1 Jzy ( ( 1 2 ))
=2py- — | = -z -z —
22 s —nen -2+ 2 (141)
D, ¢ r2, D,
b _ Po b b _ Po b b _ Po »
Opy = .u_O *Epy Oz = ;; “Ere Oyz = -’l;(—)- “E€ye (142)

Insertion of z = H into the expressions for o2, crgz, and o?, verifies that the boundary conditions

(84) are indeed fulfilled, since 2pg = 040 - /T, Eq. (79).

19 Quadrantal solution for semi-infinite space

The total solution for the quadrantal, instantancous heat source (6) in the semi-infinite space
—00 < z < H (index ¢s), is obtained from the solution of the infinite problem —oo < 2 <
(index gi), the mirror solution with the quadrantal heat source at the plane z = 2H (index m),
and the boundary solution to correct for the boundary conditions at z = H (index b). We have

for example:
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u?(z,y,2,t) = u¥(z,y, 2,1) + u"(z,y, 2) (143)
Here, the index mb stands for the suin of the mirror and boundary solutions:
umb(:v, v, 2) = u"(z,y,2) + ub(z,y,2) (144)

All components of the displacement, strain, and stress fields are obtained by formulas of the
above type. We have for any component f of these three fields:

fe(z,y,2,t) = f7(z,y,2,t) + [™(z,y,2)
™ (z,y,2) = [M(2,9,2) + [*(z,9,2)
f=u,v, w, €z, Eyys €225 Exys €xzy Eyzy Ozzy Tyyy Oz2y Ogzyy Ogzy O Oy (145)

The total solution ¢s is in this way separated into a time-dependent and time-independent part,
with the index ¢i and mb, respectively. This separation will simplify time integration in Section
20.

The expressions for the three components of the solution (with index g¢, m, and b) contain
some secondary quantities. The quantities defined in Eqgs. (51), (8), (72), and (129) will be used:

) g .e—(TQ—p2)/(4at) . erf(p/\/M)
p

r
A(p,r,t) = erf
)=t (i

e~ 2ot () o () oo (-
ilz,y,2,t) = — - -er -er - ex -
9\ Y pc Viral Vaal Vaa) TP\ tat

1+v esa _ F . — F eoQ
14+v 1—-v mpc

Uy =
Ty Tpc

= fo 24 (2H =27 r=\[a2 g2t 2

D, =22+ (2H -2)* D,=y*+ (21 - 2)?* (146)

We will also use the new quantitics I3, and I3, given by:

B. = 2(H - 2)(2H — 2) (;-12- + Tj;) (147)
B, = 2(H — 2)(2H — z) (Tiz + 52—) (148)

The displacement is given by Eqgs. (46), (71) and (130)-(132). The time-dependent part of
the displacements is, Egs. (46):

1/V4at - .
erf(ys) o (r2w)s? g

uqi(x,y,z,t) = —uo/
0

S
3 1/V4at orf( s
qu(zv yazvt) = -UO/ er (TS) -C—(T2—22)52d8
0 S
' 1/V4at .
¢}
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The time-independent part of the displacements is obtained from the mirror and boundary
solutions (index mb). We have from Egs. (71) and (130-132):

Wz, y, 2) = uo [_ (g _ 2,,> " (rm + y) L2 -2 y(2111;x— z)}

Tm — ¥ Tim

m 3 m + 2(H — 2H —

v b(x,y’z):uo[_(§_2V>ln<: _i>+ (r Z)_:Z?( i z)}
m m v

Tm

wmb(:b,y,z) = ug [(3 — 4v)arctan ((QH z_yz)rm) + 2 = 2) (% + z—z)J (150)

The strain field is given by Egs. (50), (73) and (133-138). The time-dependent part of the
displacements is, Eqgs. (50):
Ug Ty

. Ug zyY .
Ei;:T.$2+z2'A(y’r’t) EZLZT’_y.Z_*_Zz‘A(:E,T,t)

1 ,
e? = + Ya -Teiz,y,2,1) — Uo [ Ty Aly,r,t) + ——-—-ZTZZ - A(:):,r,t)}
Y

1—v r Lz? 4 22
" _ ’lLo yz : _ 11/2 Tz
EZZ—T'W‘A(%M) €9y = " 'm‘A(%T,t)
‘i _ uo T
Eqy = - -erf (@) ' (151)

The time-independent components of the strain field are from Egs. (73) and (133-138):

mb _ Yo TY
=—.-—=(3-4v - B;
=22 24— By
mb_ 0 TY
Eyy = ;'E(3—4V—By)
mb _ Y0 | TY 4 Y-
£ry = o I:Dx (1 —-4v+ Bz)+ I)y(l 4u+By)}
v B [Q(H - 2)2(211 -2, /w]
Tm r2,
gmb_ _ Yo [y(4H —3z)  y(2/H - z) B ]
=T, D, D, *
mb uo |z(4H —32) z(2ll —z)
) - B 152
v T, [ Dy D, v (152)

The stress field is given by Egs. (52), (74) and (139-142). The time-dependent part is given
by Egs. (52):

-

. po .Ty L el
i A CUD A e

Fa

i _ Po Ty
o = =" -A(:c,r,t)—l_u

y2+22

Toi(z,y,2,1)
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w=«@[ Ty o ]
7 ro|z? + 22 Ay, t) + y? + 22 Az, 1)

i __ Do yz ; _ Po Iz
g _ M Y7 . @ .
Tzz = r 272 + 22 A(ya Tat) Gyz - r yz + 22 A(:l:,’l‘,t)

ﬂ:-@-f<r ) - 153
ol —-er it (153)

The time-independent components of the stress field are from Eqgs. (74) and (139-142):

mo_ Do [2Y o zy
Um_rm D.r(3 Bx)+4uDy

L E

mb Po | ZY zy
=P 123 _pyigiY
o m | D, (3 y) + I/DxJ

T T
omb = B0 —y(1+BI)+bﬁ(1+By)J
y

# Tm _Dz

a;;b _ D 2(H — 2)2(211 -z) 54 4'/]‘
Tm L rZ,
a;;b __Po [y(élH —3z) 3 y(2Il — z) ' ”z]
Tm D, Dy
mb po |z(4H —3z) =z(2H - z)
=2 - . 154

O'yz o l: Dy Dy By . ( 5 )

The shear strains and stresses differ only by the factors ug and pqg.

20 Time-dependent heat source

Until now the heat emission ey (J/mn?) has been instantaneous (at ¢ = 0). Although all the
components of the displacement, strain, and stress ficlds of the total quadrantal solution have
been derived from a temperature field caused by an instantaneous heat emission, it is fairly easy
to change from this instantaneous case to any time-dependent heat emission.

20.1 General formulas for quadrantal solution

Let ¢(t) (W/m?) be any time-dependent hecat source. We want the solution at the time ¢. The
heat emission during a time increment dt’ is ¢(t’) - dt’. 'T'he response to this instantaneous heat
source is given by our solution taken at the time { — ¢’. We have to multiply the solution by
g(t')dt' [ e, since the instantaneous solution has the heat emission eg. The total solution at ¢ is
obtained by integration over the interval 0 < t/ < t.

Consider as an example the stress component o,,. We have for any time-dependent heat

source g(t):
qq : q(t,) qs / !
oll(z,y,2,t) = e cod(z,y,z,t — t')dt (155)

Here, the upper index qq refers to quadrantal solution for a heat source ¢(t), while index gs refers
to the quadrantal solution for the instantancous heat source in the semi-infinite space.



The above type of superposition is valid for all components of the displacement, strain and
stress fields. It is often called Duhamel’s theorem, Carslaw and Jaeger (1959). The function
¢(t)/eo enters into the Duhamel integral. We introduce a new notation for this function:

q(t) = eo - 4(t) (156)

The constant ep (J/m?) cancels in the Duhamel integrals of the type (155) since the solution
(with index gs) is proportional to eg. The value of 9 becomes redundant, and it may be chosen

at will (eg # 0). The time-dependent part §(¢) has the dimension 1/s.
Let f denote any component of the displacement, strain field or stress field. The Duhamel
integral involves f9 = f% 4+ fmb Eq. (145). The second part is independent of time. We have

the general formula:
t .
qu(.’l, Y, 2, t) = / Q(t,) ° fqz(za y»Z,t - t,)dt + Iq(t) ° fmb(zv y>2)
0 _

f=u, v, w, &z, Eyys €22y Exyy Exzs Eyzy Oxzy Oyyy Ozzy Oxyy Tzzy O Ty (157)

The expressions for f9% and f™® are given by (149-154). The integral of §(¢') is introduced:
¢ 1 rt
L(t) = / ()t = — / () (158)
(4] €p Jo .

20.2 Time integrals

The time t occurs in the factor I,(t) of the second part in Eq. (157) and in the first integral.
The displacements are treated below. For the components of the strain and stress fields, we get
integrals of §(¢') times the time-dependent factors in the formulas (151) and (153) for strain and
stress. The following integrals are needed:

Lye(r,t) = /0 Gty -erf (4—(1(-——\/_I____2—/—)) dt (159)

¢

Ia(z,r,t) = / gy - A(z,rt—t')dt (160)
0
t

IQA(yv’r’ t) = / q~(tl) -A (y,r,t - t/) dl, - (161)
0

Inr(z,y,2,1) _/ gt ———a Tyi(z,y,2,t —t')dt’ (162)

The integrals [,4(z,r,t) and I 4(y,7,t) differ only by the first argument. All the integrals are

dimensionless.
The integral involving A, (146), may be written:

rort ’2 _ p?
Ioa(p,r,t) = Ioe(r,t) - ;/0 g(t') - exp (“Zﬁ) -erf (ﬁ) dt'" p=z,y (163)

The integral involving Ty;, (146), may be written:

_ [HI) - uoyT z . y 22 ,
Iir(z,y,2,t) = \/7—t' (m> (”((\/”7&_(—@:1')) exp (4 = )) dt’ (164)

The above integrals are simplified somewhat with the following substitution:
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P f—t= L dt’:-fls— (165)

Vaa(t — 1) 4as? 2as3

Then we get:
I A 2y erf(rs)
lelri) = [ / mq[t /(das?)] - 12 (166)
r 00 9 —(r2—p?)s? erf(ps)d _
Loa(p,ryt) = Lge(r,t) — e glt — 1/(4as”)] - e g ds p=2y (167)
I = = g\t — 2y7. ’U.Qﬁ . . L —zls?
oT(,Y,2,1) /;/\/m gt — 1/(4as®)] 55,52 erf(zs) -erf(ys)-e ds (168)

20.3 Displacement

The three displacement components are obtained by insertion of Eqs. (149) and (150) in Eq. (157).
For the u-component we have:

t 1/4/4a(t—t') '
w9 = —-uo/ gt (/ erf(ys e~ () g ) dt’ + L(t) - v™(z,y,2)  (169)
0 0

The double integral may be transformed into a single integral by partial integration in ¢. The
integral of § is Iy, Eq. (158). We have:

t 1/4/4a(t—1t'} o
/0 (1) (/ Uf(ys) (2=3)s? g )dt’ =

0

1/+v/4a(i=1') t=t
[Iq(t') < /0 erf(ys) (r* =y ds) dt'] _
t'=0

Tz"yQ)) L v (170)

t , Yy
4/0 [q(t ) -erf <m> - exp (—40,(11 ¢ Q(t _ ll)

Insertion of ¢’ = t in the first part gives the first infinite integral in Eq. (57). In the second
integral we use the substitution (165). The v-component is obtained in the same way (z and y
change place). The double integral for w is in the same way reduced to a single integral by a
partial integration in ¢. Here the second infinite integral in (57) is used. We get the following

general formulas for the displacement:

ul(z,y,2,t) = I(t) - _Loy, r+y +u™(z,y,2)| +
q 2 Y

T —

e erf(ys) (r2—y?)s2
+ o ‘/mlq[t—l/(flasz)]--—T—-e *=v%)s" g5 (171)

(a,y,20) = Lo -2 () + vm%x,y,z)] ;

o0 f(.’L‘S) 2_r2)42
t—1/(4as?)]- = (2 =a?)s? g 172
b [ Ll =1/ (as?)] - 7 . (172)

wi(z,y,z,t) = I,(t) - [uo arctan (ﬁ) + wmb(a:,y,z)] —
2r
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uoz\/f/l/\/m LIt = 1/(4as*)] - erf(zs)erf(ys) - e~ ds (173)
Here, I,(t) is defined by Eq. (158), up by Eq. (146), and «™®, v™® and w™® by Egs. (150).

20.4 Strain field

The six components of the strain field are obtained by insertion of Egs. (151) and (152) in
Eq. (157). The time integrals are given in Subsection 20.2. We have:

Uo Y m
el = 2 T Ly ) + (1) - eZ (2,0, 2)

Ug Ty b
Eg% = T : y2 + 22 : IqA(x’T’t) + Iq(t) : EZL (xv y’z)

Ug zy zy

eE= [m Tya(y,rt) + o dga(z, 1) +

+ Lr(z,y,2,1) + [,(1) - €7(2,9,2)

U() yz M
€z = o La(y,r ) + 1,(1) - €2 (%, 9, 2)

Ug T2z m
=T g lulEn )+ L) -ep(z,y,2)
1 = L0 T (rt) 4 I,(1) - €™(z,y, 2) ' (174)
ry — r gel\’» q Ty 1Y, 2

Here, I,4(y,r,t) is given by Eq. (163), I,r(z,y,2,t) by Eq. (164), I,(t) by Eq. (158), I e by
(159) and e™(z,y, z) by Egs. (152).

20.5 Stress field

The six components of the stress field are obtained by insertion of Egs. (153) and (154) in
Eq. (157).

Do zy E
S T . m B IqA(y,’I‘,t) — H—l/ . IqT(iL', y,Z,t) + Iq(t) - O’Z;b(x,y, Z)
Po 7Y

mb
vy :,- y2+ 22 '107'(z’y’z’t)+jq(t)°o-yy (m,y,z)

‘IqA(x,T,t) —_ l—*——y

Po zyY Ty
0l =—-— [m : IQA(y’TJ') + Ep—z : IqA(.’L‘,T,t)} + [q(t) . O’Z,:,b(a:, y’z)

z=-E o
off = T T Lalyr ) + (1) - 07 (2,3, 2)
ot =20 yf:zz Tya(esr )+ I,(0) -7 (2,9, 2)
0% = = Loe(r, 1) + 1j(1) - 07y (2., 2) (175)

Here, I a(y,r,t) is given by Eq. (163), I,7(z,y,2,1) by Eq. (164), I,(t) by Eq. (158), I,e by
(159) and 0c™¥(z,y,2) by Egs. (154).
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20.6 General formulas for rectangular heat source

The solution for any time-dependent heat source ¢(¢) (W/m?) in the rectangular area —L < z <
L, —B <y < B, z=0in the semi-infinite space —o0 < 2z < H is obtained by superposition of
four quadrantal solutions as described in Section 3. We have in accordance with Eq. (13):

Ny
f(mayvzvt): Z Z —%'qu(l"*'nxlf’y'*’nyB’zvt)

ny==%1lny==%1
f = U, U, W, Ezzy Eyyy €225 Exys Ex25 Eyzs Ozzy Oyyy Tz2y Ozys Oxzy OT Tyz (176)

The summation indices n; and ny assume the values +1 and —1 only.

21 Exponentially decaying heat source
Let us now consider the case when ¢(t) consists of a single exponential:

q(t) = ¢ -e Mt W/m? (177)
The amount of heat emission until time { is:

/Ot g(t)dt' = qity - (1 - e7Hh) J/m* (178)

The total amount of heat emitted until ¢ = oo is g3¢; (¢; > 0).

21.1 Time integrals

The heat source function §(2) is:

4
§(t) = g@ =N -y 00 1 o=t/ (1/s) (179)
€9 €g €9 L]

The integral of §(') becomes:

t
L) = [ aw)ar = EL. (1 ) (180)

The integrals (159), (163) and (164) become:

il /t L v r /
Lo(rt;1) = 8800 [ L=t/ o | L 181
«(n 1) e Jo b ° Vaa(t — ') (181)

t t1 '
Tatpor 1) = 2. [t At = O)at' p=a,y (152)
ep Jo 1
t ] ' 1
Lr(z,y,2,t;1) = ai / —e ¥/t ﬂa Thilz,y, 2,0 — t')dt (183)
eg o h1 1-v

The parameter 1 in the argument list of the four integrals above denotes that the exponential

(177) with the decay time ¢, and the amplitude ¢, is involved.
The above integrals get a somewhat simpler structure after the following variable substitu-

tion:
t—t

i

t—t' =1t dt! = —21,sds (184)

S =
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Eqgs.(181), (182), and (183) become after this substitution:

Vit
L(r,t;1) = ah emttts? orf (L) 2sds (185)
€ Jo sdy _
o [T e () (252 ()
. st _) - 2. A d
Ioa(p,r,t;1) = o e erf s > exp ¥ erf od 2sds
p==z,y (186)
oty 007 VT it (2] ot () o
; T Vdovn i+ o 2. ). _
Ier(z,y,2,t;1) = o 4 o e er o erf o exp oz 2ds (187)

Here, we have introduced the length:

d1 =/ 4at1 (188)

The first part of I.4 is the same integral as /..

21.2 Displacement
The displacement components are given by Eqs. (171), (172), and (173):

wi(z,y,2,4;1) = I(t;1) - [—-%91 (:j;) +umb(z’y’z)] +

o0 erf(ys) _(2_,2)s2
+u/ IJt—1 4(52;1-——-e(' v)s* ds 189
o [l = 1 /(405 1] T (189)

(ayn 61 = L1 [~ (D) 4 omh(e,p,)]| +

00 erf(zs) (r2=z2)s?
+u/ L[t - 1/(4as?);1] - ——= . e~ (r*=z%)s% s 190
0 | [ [(4as®);1] - s (190)

wi(z,y,2,41) = L(t;1)- [uo arctan (Z > + wmb(x v, 2 )}

uoz\/—/ o[t — 1/(4as®);1] - erf(zs) - erf(ys) e ds (191)

/ 4(Ll

The first factor /. in the integrals becomes:

zﬁ-um#yu—?’P-qu—+é;ﬂ (192)

0

21.3 Strain field

The components of the strain field caused by an exponentially decaying, quadrantal heat source
become according to Eqs. (174):

U z m
el (z,y,2,t;1) = 2. y_. Lea(y,m ;1) + L(t; 1) -Eub(:z:,y, z)

r 24 22
e“@wamn-?wwfﬂ-mhnun+ﬂtl ™z, Y, 2)
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Ty

ge )= Yo %Y : =
5zz(x’yvzvt’ 1) - 22 + 22 [eA(y’r’t’ 1) + y? + 22

” '[eA(z7T7t;1)} +

+ Lr(z,9,2,61) + L(4;1) - e7(z,y, 2)

ge Yo, _Y¥2 g
el (z,y,2,t;1) = il S Loa(y,r t;1) + L(t;1) - ™z, y, 2)
. Ly U0 Tz
el(z,y,2,41) = T.y2+22' Loa(z, 85 1) + Le(t;1) - €7, (x Y, 2)
el (z,y,2,41) = _Log Tee(ryt; 1) + I(851) - e (:z: Y,2) (193)
T

21.4 Stress field

The components of the stress field caused by an exponentially decaying, quadrantal heat source
become according to Egs. (175):

Po Ty I
Ug::(z7y727t;1) = T'W'Im(%?‘,l; l)" 1+l/ ) eT(z y,Z,t,1)+1(t 1) U (.’L‘ ysz)

oli(z,y,2,41) = I_;?“ y22-:§-yz2 Iea(z,r,1;1) — —-—_{—-—— Lr(z,y,2,t1) + L(t;1) - o, (:1: Y,2)

x T
o%i(z,9,2,t51) = 22 [ﬁ.]m(y,r,t;l)-{— - e 6,4(:1: r,t,l)] +LED) - o™ (2, y, 2)

P
ol (z,y,2,41) = % . ;7%-&&31&&; 1)+ L(t;1) - 07 (z, 9, 2)

e . _ Po Tz . . mb
ol(z,y,2,11) = — 1 Aea(z,r 1) + L(851) - 07 (2, 9, 2)
ol (z,y,2,41) = __?;2 cLee(r 85 1) + T(85 1) - U;’;b(z,y, z) (194)

21.5 Sum of exponentials

Let us now consider the case when ¢(t) consists of a sum of exponentials:

q(t) = qj-e/Y (195)

The solution for this case is readily obtained by superposition. We just add the solutions for ¢,
t1, for g, t2, and so on. For example, the strain component £, for the quadrantal heat source

containing J exponentials is:

J

U Ty

£20(2,9,2,8) = ) [——-————— eA(Zl,r»t»])'*‘I(t]) exa (2, y,Z)]
el N z2 4 22

or, since the summation in j only involves the time-dependent integrals:
Uo
exe(,9,2,1) = — - xz — 22 me(y,r,z,y) er(z,y,2) - ZI (t:5) (196)

The choice of the basic heat emission ey does not matter (eg # 0). The factor eg occurs in
ug and in the integrals I, I. 4, Iey and I.. It cancels in the formulas of Subsections 20.2-4.
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21.6 General solution for rectangular, exponentially decaying heat source

The above solution is valid for a quadrantal, exponentially decaying heat source, ¢(t) = ¢ -e~/*,
The solution for a rectangular heat source is obtained by superposition of four quadrantal
solutions with z replaced by z £ L and y by y + B. See Section 3 and in particular Eqgs. (11)
and (12). We have for any component f of the strain and stress ( and displacement) fields:

flz,y,2,t) = 0.25[f%(z+ L,y + B,z,t;1) - f®z+ L,y — B,z,t;1)+
“fqe(x_ L,y-*-B,z,t;l)-{-fqe(z-— L,y—B,Z,t,l)]

f = U, Uy, W, Ezzy Eyys €229 €xys Ez2y Eyzy Oxzy Oyys T2z, Ozy, Ogz, O Oy, (197)

Here, the displacement, strain and stress components (with upper index ge) are given by
Eqs.(189-191), (193) and (194), respectively. The integrals Iee, Ic4 and I.r in the formulas
are given by Eqs. (185-187). The integral I, is given by Eq. (180), and the constants ug and py

by Eq. (146). The time-independent displacement, strain and stress components, u™® etc., €™

and o™, are defined by Eqgs. (150), (152) and (154). The solution can be rewritten using the
notation from Eq. (13):

flzy,zt)= >, > -nz&-f"e(ﬂ'nxL,ynLnyB,z,t;l)
ny=%1ny==%1

f = U, UV, W, Exzy Eyyy €225 Exys Exzy Eyzs Ozzy Oyys Ozzy Oy, Ozzy OF Oy (198)

This solution concerns a single exponential heat source ¢(t) = ¢ - e~*/%, Eq. (177). The
solution for a sum of exponential heat sources, Eq. (195), is obtained by adding the above type
of solution for each component using the different constants g; and ¢; (and d; = \/4at;). The
solution for a sum of J exponentially decaying heat sources in a semi-infinite region is:

.

J
Izl e .
f(:l?,y,z,t):Z Z Z T‘y'fq (z‘{'nvay'*'nyB,Zat;])

j=lnz=£1ny==%1

f = U, UV, W, Exz, Eyys E225 Exys Exzs Eyzr Ozzs Tyys Ozzy Ozyy Ozzy OI Ty (199)

22 The complete solution

We will in this section summarize the complete solution for a sum of exponential heat sources.

22.1 Problem and assumptions
The displacement u = (u, v, w) satisfies Navier’s equation (2) in a semi-infinite, linearly elastic,
isotropic, homogeneous medium:

1 _ 2a(1+v)

2 _ V.
V(u)+1_2VV(e) 5, VI e=V-u

-0 <z <00 -0 <Y< o —o<z< H (200)

The temperature field T'(z,y, z,t) is caused by a time-dependent heat source ¢(t) (W/m?) over
a rectangular area: —L <z < L, ~B <y < B, z = 0. The heat is emitted from the start £ = 0.

The heat source ¢(t) consists of a sum of J exponentials:
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fl

J
g(t) =S g e /b (201)
7=1

The decay time constants ¢; arc any positive numbers.
The solution (u,e%%, 0, ...) shall tend to zero at infinity (/22 + y%> — o0 or 2 — —00). The
three stress components 0,,, 0y;, and o,, at the ground surface z = H are zero. We have the

boundary conditions, (5):
0.2(2,y, H,t) =0 o0(z,y, H,t) =0 o0,y(z,y,H,t)=0 (202)

The temperature T is zero at the ground surface, Eq. (61).
The above problem is solved in six steps described in Section 24. One main assumption is

made in order to simplify the solving process. The assumption is that the far-field approximation

of the quadrantal solution can be used at the ground surface. This is the case with good accuracy

when ¢ satisfies Eq. (63):
H2

t ——
< 16a

In the KBS-3 example, { must be less than 300 years (¢ = 1.62-107°m?/s, H = 500 m), Eq. (68).
After about 300 years the solution at the surface is disturbed. The disturbance will increase at
the ground surface and will move deeper into the medium. The solution at the repository level

(203)

is valid if:

H?
t< v (204)

It will take four times longer for the disturbance to rcach the repository level (roughly 1200
years) than the ground surface. The solution is totally incorrect for large times (~10,000).

22.2 Parameters and auxiliary functions

The thermal and elastic properties of the rock are given by the volumetric heat capacity pc
(J/m3K), the thermal diffusivity a (m/s), the cocflicient of linear thermal expansion & (1/K),
Poisson’s ratio v (-), and Young’s modulus £ (Pa). The length of the sides of the rectangular
repository are given by 2L (m) and 2/3 (i), and the repository is situated at the distance H (m)
under the ground surface in the plane z = 0. The heat emission of component j is described by
the time constant t; (s) and strength g; (W/m?). The value of ep may be chosen at will. Here,

it is redundant.
The following parameters and auxiliary functions are used in the complete solution, Eqs. (146-

148):
-1ty ec E £ Gc

p0:1+U‘U0:1_V TpC

ue—-l——u Tpc

Tmz\/1:2+y2+(211—z)2 r=Jo? + y? + 22

D,=z*+(2H -2)* D, =y + (21 - z)?

B, = 2(H - 2)(2H - z) (;% + D%)

B, = 2(H - 2)(2H - 2) (}2 + %)
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d]' = 4atj (205)

22.3 Time integrals

The following dimensionless integrals are used in the final solution, Eqgs. (180), (185), (186) and,
(187):

13 £
I(t;5) = / g(t"ydt' = LA (1—etY) (206)
4] €g
Py
L.(r t;7) = 45t / T emtlti+s? g L) 2sds (207)
€ Jo sd;
. q;t; /‘\/275 —t/t;4s? T T r? — p2 P
I tg)= =22, derf f — | — = - — 1l .erf | — || 25d
AP, 7, 159) eg Jo e e sd; p P Szd_? ° sd; 5
p=z,Y (208)
N1 “0\/7_1'/ Ke ~t/lij+5? z y 2’
I t:5) = 34 oV T [V of () ert [ 2o _
er(2, Y, 2, 7) e 4 Jo e LT erf por3 er s, exp ¥y 2ds (209)

22.4 General formula for the solution
The solution is given by the general formula, (199):
f(x’y’zst):zj: Z Z %qg'fqe(z'*'nxL’y'*‘nyB’z’t;j) (210)
j=lny=%1ny==%1
The three displacement components are obtained for:
f=u,vorw (211)

The six components of the strain field are obtained for:

[ = €zz, Eyys Ezzs Exyy Exz OT Eyz (212)
The six components of the stress field are obtained for:
f = Ozxzy Oyys Ozzy Ozyy Ozz OT Oy (213)

22.5 Displacement

The three components of the displacement field for the quadrantal heat source g; e~ t/% are given
by Eqgs. (189-191). Inserting the expressions (150) for the mb part, we get the following final

explicit formulas:

ge N N I (r-f—y)_ _ <Tm+y> 4_y.(H—z)(2H——z);|
uw(z,y, 2,4 7) Ie(t,])Q[ In — (3 —4v)In )t T OH =)

00 . flys) _(r2_,2)s2
Lit — 1/(4as?); §] - 298 o= (2=4%)s% g 214
tuo [ L= 1/(tas")i3) (214)

ge = o [ 7'+z>~(_ (rm+z> g'(ﬂ—z)(QH—z)}
v (:B,y,z,t,]) Ie(ta])Q [ In (7‘—.’17 (“; 41/)111 +7'm y2+(2H__z)2 +

Ty — T
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+ Uo/ L[t — 1/(4as?); 5] - & (st) e~ (=) g (215)
1

/V4at
wi(z,y,2,t;7) = L(t; Juo [arctan (E%) + (3 — 4v)arctan (_(2][ iyz)rm> +

+2:c_y( H -z + H -z >J
Tm \z2+ (2H — 2)? * y? 4+ (2H — 2)?

uozﬁ/oo L[t — 1/(4as?); 7] - erf(zs) - erf(ys) e s (216)
1/V4at ,

22.6 Strains
The six components of the strain field for the quadrantal heat source qj-e‘t/ti are given by
Egs. (193):

. Ug Ty . .
el (z,y,2,t;j) = pale e Loa(y, o t;5) + I(t;5) - €8 (z, y, 2)

z? 4 22
. Ug Ty . . m
e (@Y, 2,4 7) = R IeA(m,T,?;])-i— L(t; 5) - ey (2,9, 2)
: u [ zy . Ty )
€2 s Y5 2,15 =——|—=—="1 Tyl 1, 2 » 15
(z,y,2,47) " L2+22 eA(y,m855) + T ea(z,mt5)| +

+ Lr(z,y,2,6:5) + L(t;§) - e2(z,y,2)

e

. (774 yz . .
€25 (2,y,2,8;j) = — - - Loay, 7 155) + Te(t;5) - €72 (2,9, 2)

.’L‘2+22
e . Uug Tz . . m
532(%3/72,75;]) = T . y2 + 22 : IeA((lI,T,i;]) + Ie(taj) . Eyzb(z, Z/,Z)
. Ug . . )
53:2(379 y,Z,t;]) = T : Iee(Tvt;]) + [e(t;]) : Ez,b(if, Y, 2) (217)

The time-independent parts é™ are given by Eqs. (152):

5;"zb(:v,y,z) =Y ¥ (3—4v — ;)

Tm D.’L‘
U z

g;rzlb(xvyvz): . 52(3_4'/ - By)
m y

m Yo | TY Ty
Ezzb(x’ y,Z) = T.n: [E (1 —4v + Bl‘) + b—;(l —4v+ By)}

m ug [2(H — 2)(2H — =z
Ty z) = o [HZ DA

—3+4l/]

Tm

4/ — 3z 20 —
Ezlzb(x$yaz) = _E [y( 3 ) - y( 2) ° B:r]

Tm D, D,
m ug | r(4H — 3z z{2H - z
Eyzb(xa Y, Z) = _"T_O { ( D ) - ( D ) ’ By} (218)
m Yy Yy
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22.7 Stresses

The six components of the stress field for the quadrantal heat source g;-e~/% are given by
Eqgs. (194)

. Po z .
Uge(xayazat;]) = T : —y 'L:A(.%"‘J?J) -

T

H-—I/ : eT(‘?vyaZ’t;j) + Ie(t;]) : O'Z:b(:l,‘,y,z)

N _Po TY . E . .
oli(z,y,2,t5) = = Aep(z,m,t;5) ~ I (2, Y, 2,45) + L(t;5) - o7 (2, 9, 2)

03:(2.y,2,67) = —— [m Lea(y,mt:7) + oy IeA(x,r,t;J)} + L(t7) - 07 (2,9, 2)
. Po Yz . .
0%(2, 9,2 65) = T 5 Lealys ) + Le(8: ) ol(z,y,2)

€

. P . .
03:(2,y,2,8,5) = — - Lea(z,rt5) + L(t;5) - o7b(z,y, 2)

Ug;(l',ya%t;j) = _p?o ° [ee('l‘,t;j) + [e(t;.]) ) U;:nyb(x’ y’z) (219)

The time-independent parts 0™ are given by Egs. (154):

[z Ty
J;';b(x,y,z) = __fo —Dy (3-DBs)+ 4u——D J
m | M Yy

mb _po |zy Ty
Ogy (2,9,2) = — 5;(3 - By)+4V—5J

m po [zy Ty
Uzzb(xvyvz):— _5:(1+Bz)+D_(l+By)}

Tm y
olb(z,y,2) = %:— :2(” = zgg” =2 g, 41/]
o™ (5, y,2) = —5,% [y(‘”fD: 3z) y(QIéx— z) ~Bz]
a;';b(z,y,z) _ “f—: [z(4fgy— 3z) x(QIéy— z) 'ByJ (220)

23 Solution at the center

In this section formulas for the solution at the center (z = 0, y = 0 and z = 0) of the rectan-
gular heat source are given. The general formula for one exponentially decaying component is,

Eq. (210) with J = 1:

fagnty= 3 3 TEE- (x4 nsly +ny B2 51) (221)
nyg==+1ny==%1
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At the center (z,y,2) = (0,0,0), the solution is given by:
f(0,0,0,¢) = 0.25- [f*(L, B,0,t;1) — f?(-L,B,0,t;1)

—f9(L,=B,0,t;1) + f*(-L,-B,0,1;1)] (222)

23.1 Symmetry relations

Now, if f? is an odd function with respect to z and vy, then the above formula becomes:
£(0,0,0,¢) = 0.25- [f(L, B,0,4; 1) + f*(L, B,0,t; 1)+

+ f%(L,B,0,t;1) + f¢(L, B, 0, 1)]

or
f(0,0,0,t) = f%(L,B,0,t;1) f% odd in z and y (223)

For f9¢ = w?, Eq. (216), the function is odd in both z and y, and we have in accordance with
Eq. (223):

w(0,0,0,t) = w?(L, B,0,t;1) (224)
The function f(0,0,0,1) is zero as soon as f9¢ is even with respect to z or y:
f(0,0,0,t) =0 f¥* eveninzory (225)

For example, for f?¢ = u?, Eq. (214), which is even in z and odd in y, the solution at the center

becomes:

(0,0,0,1) = 0.25 - [u9(L, B, 0, ;1) — u?(L, B,0,t; 1)+
+ui(L, B,0,t;1) - v?(L,B,0,t;1)] =0 (226)

The only nonzero component of the displacement at the center is w.

From the expressions in Subsections 22.6 and 22.7 we see that all quadrantal shear strains
and stresses are even in z or y, while the other three components are odd in z and y. The
nonzero components of the strain and stress fields are €., €4y, €22, Ozz, Oyy, and o,,.

23.2 Parameters at the center

The geometrical parameters of (205) are taken for z = y = z = 0. Using the index 0 to denote
values at the center, we have:

rmo = VL2 + B2+ 4H?2 ro = V12 + B2

Dyo=L?+4H?> Dy = B*+4H?

1 2 1 2
Bl.():llff2 (m'f‘ D—xo> By0:4112 <W+D—yo) (227)

23.3 Time integrals at the center

The dimensionless time integrals of Subsection 22.3 become for the solution at the center:

2
L(t;1) = ‘1_;0.1. (1 - e t/t) (228)
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Q1t1 v/t —t/ty+s? F ( 7 > 7 2 ( )
. 5% o0y _ 0 = | .erf( —
Is(L,ro,t;1) = / e erf o 7 exp ¥y er o ‘ 2sds

eo Jo
g1t t/t _ 2 [ To To I? B ]
o) = B [ it [ (1Y 70 () (B )]
I.a(B,r0,t;1) = o e -er o, B exP oFs er )| sds
aty wyT (VU e ( . ) ( 2 )
r(L,B,0,t;1) = - — e — —]2d
Ir( )= - 4 Jo e erf 3 erf s S (229)

23.4 Displacement field at the center

The displacement field for a rectangular, exponentially decaying heat source has a comparatively
simple form at the center (z,y,2) = (0,0,0). Only the displacement component w is nonzero.
The displacement components at the center become according to Egs. (214)-(216), (223) and

(225):
u(0,0,0,2;1) =0 v(0,0,0,4,1) =0

LB 2H (LB LB
1) = _ 4v) arct: 2
w(0,0,0,¢;1) = ug [(3 4v)arctan <2H7'm0) + — — (Dzo + DyO)J I.(t;1) (230)

The component u%¢ is even in z and the component v is odd in y, and consequently these
components give no contribution to the overall displacement at the center, Eqgs. (225) and (226).
The component w?¢ is odd in both z and y and thus gives a contribution to w(0,0,0,¢;1)
according to Egs. (223) and (224).

23.5 Strain field at the center
The strain field for the rectangular, exponentially decaying heat source with a single component
has a comparatively simple form at the center, (z,y, z) = (0,0,0). We have from Egs. (217) and
(218):

Ug LB

_ Ug B
Exx(0,0,0,t) = T . T eA(B Tg, t; 1) + I (i 1) - on [3 — 4y — on]
L LB
£,5(0,0,0,8) = =2 . Z . [o(L,ro, ;1) + L(t;1) - —> - Z2[3 — 4v — Byo)
ro B ™mo Dyo
_0

B L
622(09 09 07 t) = - 'l——: ° [eA(Ijvr()at; 1) + E ° [eA(L7T09t; 1):' + IeT(L1B> Ovtv 1)+

ey

LB LB
F (1) —2 (1 —4v + Bao) + =— (1 —4v + Byo)| +
Tmo | Dyo DyO
£50(0,0,0,8) =0 £4:(0,0,0,1) =0  £,.(0,0,0,£) =0 (231)

23.6 Stress field at the center

The stress field for a rectangular, exponentially decaying heat source has, like the strain field, a
simple form at the center (z,y,2) = (0,0,0). The stress components at the center become from

Egs. (219) and (220):
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B E
022(0,0,0,1) = iﬁ g Lea(Boro i 1) = 15— - Lr(L, B0, 1)+
0]

Po LB
i1 . —
+I( ) Tmo lD 0)+4VDyO}
po L E
)= 2. 2 I4(L,ro,t;1) — —— - Lp(L, B,0,1; 1
nyy(0,0,0, ) ro B A( »To ) 1+v T( 0 )+
po [LB LB
+ I(t;1 — (3= Byo)+4v
( ) Tmo [Dy()( yO) DzO

B L
023(0,0,0, t) = _f_((: ['I': ° IeA(B, TOvt; 1) + E * IEA(L7T0)t; 1)} +

LB LB
+ I(t;1) - Po [D (1+Bx0)+ (1+By0)]
Tmo z0 yO

0:4(0,0,0,8) =0  0,,(0,0,0,2) =0 ayz(o,o,o,t) =0 (232)

23.7 Quadratic heat source area; L = B

The solution at the center (0,0,0) is simplificd somewhat for a quadratic heat source area;
L = B. The integrals in Subsection 23.3 become with 7o = v/2L:

La(L,V2L,5;1) = Li(L/dy, 1/1)) =
t [V V2L L? L
q—l—I/ e~t/tits? [erf( y ) —V2-exp (—@> -erf (E” -2sds  (233)

€y Jo say

VTt 2
Lr(L,1,0,61) = L(L/dy,1/t,) = 18 ‘““ . “O‘f Lot/ [erf (ﬁ)] 2ds (234)
1

The integrals I; and I, depend of the dimensionless variables L/d; and ¢/t;.
The displacements become according to Eqs. (230) and (227) with L = B:

2(0,0,0,¢;1) =0 v(0,0,0,4;1) =0

Lz
w(0,0,0,¢;1) = 3 — 4v)arctan +
( ) = uo [( Ja (211\/21,2 n 4H2)

2H 212
+ . SLe(t: 1 235
V2L2 + 4112 \/L2+4H?J (1) (235)

The strain components become according to Eqgs. (231) and (227) with L = B:

O L2
£2(0,0,0.0) = - f DL/ dntfh) £ (1) ¢2L2+4H2 L7+ 4H?
1 2
2
A3 -4y - 2
[3 v -4l (21;2 A T Iy 4H2>J (236)

€4y(0,0,0,1) = €;5(0,0,0,1) (237)



U U L?
£::(0,0,0,0) = =2 - V2 i(L/di,t/tr) + L L/dy,t/t) + 2L214H2 Erwy-ih

1 2
2 : .
-2-[1—4u+41] <2L2+4 2+L2+4 2)]-Ie(t,l) (238)

£2,(0,0,0,8) =0 £5,(0,0,0,8) =0  £,.(0,0,0,2) =0 (239)

The stress components become according to Eqs. (232) and (227) with L = B:

24

E
022(0,0,0,1) = %Z R(Lfdytf0) = 75 - DL )+

L? [3_4Hz( 1 b2 )+4V]-Ie(t;1) (240)

+\/2L2p%ﬁ'L2+4H2 212+ 4H? ' 2+ 4H?
44(0,0,0,2) = 022(0,0,0,%) (241)
02:(0,0,0,1) = —’iL‘l V2L (L)dy, L) + \mﬁ‘w ‘5 iL;m'
. [1 + 4R ( L2 )] L(t51) (242)
SLZ+ 412 " L2+ 4H?
025(0,0,0,8) =0 055(0,0,0,8) =0  0,,(0,0,0,2) = 0 (243)

Survey of the solution procedure

The solution presented in this report contains many parts, and it is quite intricate. A survey
of the different steps in the analysis may be appropriate. The final solution is obtained by
superposition involving six steps:

1.

Solution for an instantaneous, quadrantal heat source in an infinite region (Infinite solu-
tion). See Sections 3-11.

Solution for an instantaneous, quadrantal mirror heat source at z = 2H (Mirror solution).
See Section 13.

Solution of the remaining boundary-value problem in the semi-infinite region —oo < 2 < H
(Boundary solution). See Sections 14-18.

Solution for a single, exponentially decaying heat source via a Duhamel superposition of
the instantaneous solution. See Sections 20-21.

Solutions for a sum of exponentially decaying heat sources by superposition. See Subsection
21.5.

Solution for the rectangular heat source by superposition of four quadrantal solutions. See
Subsection 21.6.

The thermoelastic process is induced by a rectangular heat source. The problem involves the
length and width of the rectangle. A crucial step to facilitate the analysis is the introduction
of the quadrantal heat source, Eq. (6). The solution for the rectangular source is obtained by
superposition of four quadrantal solutions, Eqs. (13) and (176). The length and width do not
occur in the quadrantal problem.
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The solution for the instantaneous, quadrantal heat source at z = 0, Eq. (6), in infinite space
—00 < T,Y,2 < 00 is presented in Sections 3-11. The temperature field Ty; from the quadrantal
heat source, Eq. (8), is calculated in Section 3. The displacements induced by the instantaneous,
quadrantal heat source are solutions to Navier’s Eq. (2) with T = T,;. A displacement potential
® is used in the solution. The problem is reduced to the Poisson equation (16), where the
Laplacian of @ is equal to the temperature (times a constant). In Section 5, the problem is
formulated in dimensionless form. The dimensionless problem for the instantaneous quadrantal
heat source in infinite space does not involve any free dimensionless parameters. The solution
&, depends only on the dimensionless spacial coordinates, Eq. (22). The time ¢ only occurs in
the form v/4at as a scale factor. The displacement potential ®, is calculated in Section 6. It
is given by a double integral of erf(r)/r, Eq. (41). The solution may be expressed as a single
integral with a somewhat more complicated integrand involving powers, error functions and an
exponential, Eq. (42).

The three displacement components u, v and w are obtained by the first derivatives of the
displacement potential. The final expressions for the displacement due to the quadrantal heat
source in infinite space are Eqs. (46). The three single integrals must be evaluated numerically.
The strains and stresses are obtained from second-order derivatives of the displacement potential.
A gratifying fact is that the integrals may be cvaluated by partial integrations. The final
explicit expressions for strain and stress ficlds are Eqgs. (50) and (52), respectively. The far-field
approximation 2z’ = z/v/4at > 1is studied in Section 11. The solution is simplified considerably.
The displacement, strain, and stress fields become time-independent, Eqgs. (56), (58) and (59).
The far-field approximation is valid with good accuracy for 2’ = z/V/4at > 2.

The corrections to the solution in infinite space in order to satisfy the boundary conditions
(5) at the ground surface are discussed in Section 12. The corrections are derived under the
simplifying assumption that the far-field solution may be used at the ground surface, Eq. (63).
(The conditions on the exact solution are discussed in Appendix 1.) The solution is valid
everywhere for ¢t < H?/(16a). With typical KBS-3 data (H = 500 m), the time limit becomes
around 300 years. The error develops slowly from the ground surface. The solution is valid at
the repository level z = 0 (and downwards) during a four times longer period (¢t < 1200 years).

In the second step, a mirror instantancous, quadrantal heat source at z = 2H is introduced,
Eq. (69). The far-field approximation may be used. The mirror solution is given by Egs. (71),
(73) and (74) in Section 13.

The quadrantal and mirror solutions are added. The boundary conditions are considered
in Section 14. The three components of the stress field o, 0y,, and o, should all be zero
at the ground surface 2 = H, Egs. (5). The two shear stresses are zero because of symmetric
heat sources at z = 0 and z = 2H. The normal stress o, is given by Eq. (76). The remaining
problem for the instantaneous quadrantal heat source is to solve a boundary-value problem in
the semi-infinite space —oco < z < H. There is a time-independent normal stress over the
boundary, while the shear stresses are zero.

This boundary value problem is studied in Sections 14-18. General formulas for the solution
due to Hertz are given in Section 15. The solution is obtained by derivatives up to the third
order of a certain potential y. This Hertzian potential is given by a double integral involving
the prescribed normal stress over the boundary surface z = H, Eq. (90). We have succeeded in
solving the quite intricate integral in the way described in Section 16. The beautiful formula
(112) for x is obtained. The boundary problem is formulated and solved in the region 0 < z < co.
The resulting boundary solution (with index b0) is given in Appendix 2. The solution is then
transformed, Eqs. (87-89), to the actual region —oo < z < H in Section 18. The total solution
for the instantaneous quadrantal heat source is given by the sum the above three solutions. The

complete result is given in Section 19.
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The solution for any time-dependent quadrantal heat source ¢(t) (W/m?) in the semi-infinite
space —o0 < z < H is discussed in Section 20. The solution is obtained by a Duhamel integral
involving ¢ and the quadrantal solution, Eq. (157). The displacement is given by Eqs. (171-
173). It is noteworthy that only single integrals occur. The strain and stress fields are given
by Egs. (174) and (175). Finally, the solution for the rectangular heat source is obtained by
superposition of four quadrantal solutions, Egs. (176).

The particular case of a single, exponentially decaying heat source, Eq. (177), is dealt with
in Section 21. The solution is given in Subsections 21.1-4. The solution for a sum of exponential
sources, Eq. (195), over the rectangular area is obtained by superposition of four quadrantal
solutions, Egs. (199).

The complete solution for a sum of exponential heat sources is summarized in Section 22.

The solution at the center (0,0,0) is of special interest. It is presented in detail in Section

23.
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Appendix 1. Conditions for solution for large times

The solution presented above is derived under the assumption (63). This means that the far-field
approximation of the quadrantal solution may be used at the ground surface. The temperature
field caused by the heat source at z = 0 has not reached the ground surface z = H. We will

here present the conditions on the solution without this restriction.

We start as before with the basic quadrantal solution for an infinite medium. The total
temperature at the boundary is zero. This means that we need a mirror heat source with the
opposite sign at z = 2H. The source at z = 0, Eq. (6), and mirror source at z = 2H with
opposite sign are given by our quadrantal solution minus the-same solution with z replaced by
z—2H.

The stress components from these two parts ( with upper index ¢ —m) become at the ground

surface:

. (z,y,H,t) =0 (244)

2po Y[ VRV AR o
2y + 12 2?4 112 Viat’ Vdat

2po = H A z i+ y?+ H? (246)
Vi+y + H? y? + H? Viat’ Vdat

Now , the normal stress vanishes, while the shear stresses from source and mirror source are
equal. Here, A is defined by Eq. (48).

The boundary solution shall satisfy the three above time-dependent boundary conditions.
The total quadrantal solution consists of the basic quadrantal solution for infinite medium minus
the same solution for the quadrantal heat source at z = 2H. The third part is the boundary
solution for the above boundary conditions with nonzero shear stresses.

o,g;m(x’ yvﬂvt) =

ol ™(z,y, H,t) =

Appendix 2. Boundary solution in z > 0

The boundary solution for the region z > 0 is obtained by insertion of the derivatives of x from
Section 17 in the formulas (91), (92) and (95). This solution is denoted by index 0.
The three displacement components are from Eqgs. (91), (114-115), (117), and (119-120):

oot (2]
e T A e 248
W’ = ~2u [;;? (z2 + (iy+ mEt s (zy+ H)2) *

+2(1 — v)arctan (ﬁ;)} (249)

Here, we have also used that pg = 2uug, Eq. (35). The strain field is given by Eqgs. (92) and the
derivatives (116-126):

1 Ty , 1 2
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The stress field is given by Eqgs. (95) and the derivatives (116-126):
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Nomenclature

The following abbreviations are used in the nomenclature list:

b.s.
comp.
dim.
displ.
dist.
exp.dec.
h.s.
inst.
quad.
rect.
s-i.reg.
t-d.
t-1.

a
Al(xl’ rl)
A(p,r,t)

boundary solution
component(s)
dimensionless
displacement
distance
exponentially decaying
heat source
instantaneous
quadrantal
rectangular
semi-infinite region
time-dependent
time-independent

= A/(pc), thermal diffusivity of the rock
auxiliary function, Eq. (48)

auxiliary function, Eq. (51), (p =z, y)

length of the rect. h.s. in the y-direction
auxiliary function, Eq. (147)

auxiliary function, Eq. (227)

auxiliary function, Eq. (148)

auxiliary function, Eq. (227)

specific heat capacity of the rock

volumetric heat capacity of the rock

- \/‘th’ Eq. (188)

canister spacing in repository tunnels

dist. between repository tunnels

= 22 4+ (2H - z)?, auxiliary function, Eq. (129)

= L? + 4H?, auxiliary function, Eq. (227)

= y? + (2H — 2)?, auxiliary function, Eq. (129)

= B? + 4H?, auxiliary function, Eq. (227)
exponential function

volume expansion, Eq. (2)

inst. heat emission per unit area at t = 0, Eq. (6)
volume expansion for the boundary solution, Eq. (83)
volume expansion for the boundary solution, Eq. (85)
error function, Eq. (9)

exponential function

Young’s modulus, Eq. (4)

dist. from the h.s. to the ground surface

time integral, Eq. (180)

time integral, Eq. (185)
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q(?)
q(t)

a1
g
a(t)
T

To
TH
ToH

Tm

Tmo

Tyi

U, U, W

u?, v, w?

ui®, vI% wi®

uqz’ qu’ w??

w9, v97, wil

uqs’ vqs’ wIs

u 9 v ki

, ,vm, wm
wb

Egp v e

mb ,mb ,wmb

time integral, Eq
time integral, Eq
time integral, Eq
time integral, Eq
time integral, Eq

. (186)
. (187)
. (158)
. (159)
. (160)

time integral, Eq. (162)

time integral, Eq
time integral, Eq
length of the rect. h.s. in the z-direction

scale factor for stress comp., Eq. (35)

time-dependent h.s., Eq. (156)

time-dependent heat emission per canister

heat emission per unit area at ¢ = 0 for comp. 1, Eq. (177)

. (233)
. (234)

(_

(m)
(Pa-m)
(W/m?)
(W/m?)
(W/m?)

inst. heat emission per unit area at ¢ = 0 for comp. j, Eq. (195) (W/m?)

time-dependence of heat emission, Eq. (156)

=</.’[2+y2+22

= VIZ ¥ BZ, Eq. (227)

=22+ y?+ (2 + )?, Eq. (113)

= /2?2 + y¢ + H?, Eq. (77)

=22+ y?+ (2 —2H)?, Eq. (72) -

=+/L? + B2 4 41?, Eq. (227)
= r/v/4at dim. r-coordinate

time

time-constant for component 1, Eq. (177)
time-constant for exponential component j, Eq. (195)
temperature field for the rect. h.s., Eq. (12)

dim. quad. inst. temp. field, Eq. (25)

quad. inst. temp. field, Eq. (8)

displ. comp.

dim. displ. comp. (quad. inst. h.s.), Eq. (31)

displ. comp. (exp.dec. quad. inst. h.s. s-i.reg.), Egs. (189-191)
t-d. displ. comp. (quad. inst. h.s.), Eq. (46)

displ. comp. (t-d. quad. inst. h.s. s-i.reg.), Eq. (157)

displ. comp. (quad. inst. h.s. s-i.reg.), Eq. (145)

t-i. displ. comp. (quad. inst. h.s.), Eq. (150)

displ. comp. (mirror h.s.), Eq. (71)

displ. comp. (boundary solution), Eq. (130)

displ., Eq. (15)

dim. displ., Eq. (30)

displ. for the boundary solution, Eq. (83)
displ. for the boundary solution, Eq. (85)
scale factor for displ., Eq. (28)

Cartesian coordinates

= z/v4at, dim. z-coordinate, Eq. (22)
= y/+/4at, dim. y-coordinate, Eq. (22)
= z/v/4at dim. z-coordinate, Eq. (22)

coefficient of linear thermal expansion

strain comp.

(s7h)
(m)
(m)
(m)
(m)
(m)
(m)
()
(s)
(s)
(s)
(K)
()
(K)
(m)
(-)
(m)
(m)
(m)
(m)
(m)
(m)
(m)
(m)
()
(m)
(m)
(m)
(m)
)

)
)

(1/K)
Q)



dim. strain comp. (quad. inst. h.s.), Eq. (33)
strain comp. (exp.dec. quad. inst. h.s.), Eq. (193)
t-d. strain comp. (quad. inst. h.s.), Eq. (50)
strain comp. (t-d. quad. inst. h.s.), Eq. (157)
strain comp. (quad. inst. h.s. s-i.reg), Eq. (145)
t-i. strain comp. (quad. inst. h.s.), Eq. (152)
strain comp. (mirror h.s.), Eq. (73)

strain comp. (b.s.), Eq. (133)

Hertz’ potential, Eq. (90)

Shear modulus, Eq. (4)

Poisson’s ratio, Eq. (4)

density of the rock

stress comp.

dim. stress comp. (quad. inst. h.s.), Eq. (36)
stress comp. (exp.dec. quad. inst. h.s.), Eq. (194)
t-d. stress comp. (quad. inst. h.s.), Eq. (52)
stress comp. (t-d. quad. inst. hs.), Eq. (157)
stress comp. {(quad. inst. h.s. s-i.reg.), Eq. (145)
t-i. stress comp. (quad. inst. h.s.), Eq. (154)
stress comp. (mirror h.s.), Eq. (74)

stress comp. (b.s.), Eq. (139)

scale factor for stress comp. at ground surface, Eq. (79)

dim. stress comp. at ground surface, Eq. (80)

maximum dim. stress comp. at ground surface, Eq. (81)

displ. potential, Eq. (15)
dim. displ. potential, Eq. (27)

A prime indicates that the quantity is dimensionless.

List of indices

g Dimensionless instantaneous quadrantal solution

¢t Infinite instantaneous quadrantal solution

m Mirror solution

b Boundary solution

mb Sum of mirror and boundary solution

ge Semi-infinite exponentially decaying, quadrantal solution

gs Semi-infinite instantaneous quadrantal solution

gg Semi-infinite time-dependent, quadrantal solution
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